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In this thesis, we construct worst case binary logistic regression datasets for any determin-
istic first order methods. We show that our datasets require at least O(1/y/e) first-order oracle
inquires to obtain a e—approximate solution under the assumption that the problem dimension is
sufficiently large. Using our result, on worst case datasets we conclude that existing algorithms such
as Nesterov’s Optimal Gradient Descent are optimal algorithms for solving binary logistic regression
under large scale assumptions. Our analysis combines Nemirovski’s Krylov subspace technique and
Nesterov’s construction of worst case convex quadratic programming problem instance. Our result
is the first worst case dataset constructed against all first order methods for solving binary logistic

regression, and a new worst case instance among smooth convex optimization problems.
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Chapter 1

Introduction

1.1 Problem of Interest

In statistics, binary logistic regression is used to model the probabilities of a particular pair
of (typically mutually exclusive) characteristics. For example, binary logistic regression appears
frequently in biostatistical applications as binary responses such as health status (healthy/sick) or
survival status (alive/dead) are common. In this thesis, our main concern is solving binary logistic
regression problems. Given any data matrix A € RV*" whose rows al represent input data and

response vector b € {—1,1}", we assume that

1
1 +exp(—alz +y)

P(bey =1]af;2,y) =
for some parameters x € R",y € R to be estimated. Throughout this thesis, we use b(;) to denote

the i-th component of a vector b. Noting that,

exp(—aj z+y) 1
1+exp(—alfz+y) 1+explalz+y)

P(buy=—1|al;2,y) =1—P(by =1]a];2,y) =

we see that the probability mass function can be written as

1
1+ exp(=baya = +y)

p(bay | a s 2,y) =



To estimate parameters = and y, we proceed by maximizing the likelihood function, or equivalently,

the log-likelihood function [ : R™ x R — R given by

N N
1
l =>» 1 =— log(1 —bnal )
(z,y) ;:1 Og(1+exp(_b(i)a?$+y)) > log (1 + exp(—bgia! = +y))

i=1

Since a factor of 2 does not change the minimizer, we say that the binary logistic regression problem

is an optimization problem of the form

$e]%126 Z 2log (1 +exp (—bu(aj z +y))) - (1.2)

For theoretical analysis, it may be more helpful to write (1.2) more succinctly. Define for any u € R*

k
h(u) = hg(u) := Z 2log (2 cosh <ug) ))
- (1.3)
— () _ U0
—;210g (exp( 9 ) —I—exp( 5 ))
Now, denoting
Pab(t,y) = h(Az +y1) = 0" (Az +y1) (1.4)
where 1 € RY is a vector of 1’s, we can reformulate (1.2) as
min_ ¢ a(z,y). (BLR)

reR" ,yeR

Indeed, under the definition of & in (1.3), we have

T+ aiTx—|—
bap(@,y) Z2log (eXp< 5 y) + exp (_2y>) — by (af = +y)
b (aT
= Z?log (exp ( ol ; : y)) + exp (—W)) —bpylalz+y)

N
Z log (1 +exp (— b(-)(a?x+y))).

Therefore (BLR) is equivalent to (1.2).



1.2 Properties of Smooth Convex Functions

In this section, we discuss and prove a few properties of smooth convex functions that will
be helpful in solving (BLR). In particular, we prove that the log-likelihood function of the binary

logistic regression model is convex and smooth. Let us begin with a definition.

Definition 1.1. A function f : R™ — R is said to be convex if for any =,y € R™ and any A € [0, 1],

fOz+ (1= 2y)) < Af(x) + (1= A)f(y). (1.5)

In addition, we say that f is concave if — f is convex.
When f is differentiable, we have an equivalent definition of convexity:

Proposition 1.1. A differentiable function f : R™ — R is convex if and only if for any x,y € R™

fy) = f(2) +(Vf(x),y — ). (1.6)

Proof. Let A € [0,1] and suppose that f is convex, i.e. (1.5) holds. Then by rearrangement,

fOx+ (1= Ny) = Af(x)

fly) = T
fOz+ (1= Ny) - f(z)
> T + f(2)

holds. Now apply a change of variable h = 1 — X so that we obtain

o)+ L2 @) gy

Letting h — 0, we conclude that

(Vf(@),y — )+ f(z) < f(y).

Conversely, suppose that (1.6) holds. Then we have

f@) =2 fQz+ (1= ANy) +(VfQAz + (1 = Ny)), 2 — Az — (1 = N)y))

f) = Fz+ (1= Ny) + (VFQz + (1= Ny)),y — Az — (1= Ny)).



Let z = Ax + (1 — A)y. Applying these inequalities to Af(x) + (1 — \)y gives

M@)+ (1 =Nfy) 2 A(f(2) + 1=V f(2), 2 —y) + (1 =N (f(2) + MV f(2),y — 2))
= f(2).

Thus, f is convex. O
For twice differentiable functions, we may also use the following corollary to verify convexity:

Corollary 1.2. A function f:R"™ — R with V2f(x) = 0 for all z € R™ is convex.

Proof. Let f satisfy the corollary and z,y € R™. Consider the Taylor series expansion of f(y) about

the point z.
F0) = fa+y—2) = @) + =2 T f )+ (g —0)" T2 )
for some £ € R™. Since V2f(€) = 0 by assumption, it follows that
£0) > £@) + (=) VS (o).
Thus f is convex. 0

Additionally, there are a few operations that preserve convexity. Here, we list two that will

be of use to us.

Proposition 1.3. Let {f;}™; be a set of convex functions with f; : R” — R for all ¢ and {¢;}1,

be a set of constants satisfying ¢; > 0 for all ¢. Then f =", ¢;f; is a convex function.

Proof. Let z,y € R™ and A € [0, 1]. Then we have

I

s
Il
-

fAz+ A =Ny) =) cfildz+(1-Ny)

&
Il
-

ci (Mfi(z) + (1 =N fi(y))

Af(@) + (1 =) f(y)

Thus f is convex. O



Proposition 1.4. Let g : R®™ — R be a convex function, A € R"*™ and b € R™. The function
f:R™ — R defined by
f(z) = g(Az +b)

is convex.

Proof. Let f,g, A, and b be defined as above, fix points z,y € R™, and let A € [0,1]. Then

fQAz+ (1= A)y) = g(AAz + (1 = A)y) +b)
=g(A(Az +b) + (1 — \)(Ay + b))
> Ag(Az +b) + (1 = X\)(Ay + b)

= Af(z) + (1 =N f(y)

We conclude that f is convex. O

In addition to convexity, we will also require some smoothness for later sections. The

following definition and proposition will prove useful.

Definition 1.2. We say that function f : R™ — R is smooth (with respect to ||-]|) if it is differentiable

and V f is Lipschitz continuous with Lipschitz constant L > 0:

IVf(z) = VIl < Lilz =yl (1.7)

for any x,y € R™. Here, ||-|| is any norm and [|-||, is its dual norm defined as

|z[l, = sup (z,y)
[lylI<1

with x € R™. Although this definition holds in general, for the rest of this thesis, we will use the

Euclidean norm ||-||,. Note that ||-||, is self-dual.

Proposition 1.5. Suppose that f : R® — R is a convex function that additionally satisfies (1.7).
Then,

7w) = @) = (VS @)y~ )| < 2 lly - (1.9

for all z,y € R™.



Proof. We begin by defining an auxillary function

gA) = F((1 =Mz + \y) (1.9)

for a fixed pair z,y € R™ and A € [0,1]. It follows that by chain rule,

g\ = (VA1 =Nz + Ay, y — ).

Since g(1) = f(y) and g(0) = f(z), we may apply the fundamental theorem of calculus to obtain

Applying the definition (1.9), we may expand this to
1
£0) = £@) + (VS @)y~ ) + [ (TF1= N+ ) = Fla)y — 2)dr
0
By application of Holder’s inequality, we obtain

[f(y) = f(z) = (Vf(2),y — )| = /O (VA =Nz +Ay) = Vf(z),y —x) dX

< [ HTH =22+ 2) = Vf(@),y - 2)]
0

1
=/ IV =Nz +Xy) = V@), ly — =[] d

1
S/ LA ||y — x||* dA
0
L

=2yl
O
The following corollary is a direct result of (1.6) and (1.8).
Corollary 1.6. For any convex differentiable function f : R™ — R satisfying (1.7), we have
0< (o)~ F() ~ (V()y — ) < & lly — o (1.10)



for all z,y € R™.

With tools developed in this chapter, we are now ready to show that (BLR) is a smooth

convex optimization problem.

Theorem 1.7. The objective function ¢4 ;(x,y) in (BLR) is convex and has Lipschitz continuous

gradient.

Proof. By Proposition 1.3, to show that function ¢4 ;(z,y) = h(Az+yl) —bT (Az +yl) is convex, it
suffices to show that h(Az +y1) and —bT (Az + y1) are both convex. The former is the composition
of a function h and an affine transformation. By Proposition 1.4, if h is convex, then so is h(Az+y1).
From the definition of A in (1.3), it is easily verified that V2h(x) is diagonal with

cosh? (%§2) + sinh? (2

5)
V.
cosh? (x(—z’)) > 0,ve

[V2h(z)]ii =

For the latter term, note that —b7 (Ax + y1) is the composition of an affine function and a linear

function which is verifiably convex from the definition in (1.5). Thus ¢4,b is a convex function.

T
Observe that by defining z = , D= ( A 1 N) we have
Yy

Véap(z) = DTVh(Dz) + Db
Continuing, let z1, zo € R"*! be two vectors. Then

IVoab(21) — Voau(z2)|| = ||DTVR(Dz) + DTb — DTVh(Dz) — DTb||
= ||D" (Vh(Dz) — Vh(Dz))||

< IDI[[VA(Dz1) — Vh(Dz)]|.

Thus, to finish the proof for Lipschitz continuity of V4 5 (x, y), it suffices to show that || Vh(Dz1) — Vh(Dz2)|| <

L ||z1 — 2z2|| for some constant L. Recalling from the definition of & in (1.3), we see that

Vh(u) = tanh (g) = (tanh (%) ,-..,tanh (u(k) ))T Yu e R* vk (1.11)



where we allow the fucntion tanh to be applied component wisely. It follows that

.DZQ

IVh(Dz1) — Vh(Dz)|| = ‘ tanh(%) — tanh(—2)

Since tanh is a Lipschitz continuous function with L = 1, we conclude that

]
| =l <t =

D D
tanh( 221) — tanh(—— Z2

and consequently,

IIDII

IVoab(21) = Vdap(ze)ll < ll21 = 2]l < IDI[* |21 — ]|

Thus, V4 p is Lipschitz continuous with Lipschitz constant IID|%.



Chapter 2

Solving the Binary Logistic

Regression Problem

Let us now take a step back and tackle a larger class of problems, namely smooth convex

optimization. Specifically, consider an optimization problem of the form

x* := argmin f(z) (P)
zeX

where X C R" is a convex set and f : X — R is a convex function whose gradient satisfies (1.7)
with Lipschitz constant L > 0. In later sections of this chapter, we will discuss methods for solving
(P) along with convergence analysis and limitations of such a scheme. Recall that in Theorem 1.7,
we showed that the function ¢4 5 defined in (1.4) satisfies these conditions. Thus, by solving (P), we
will also develop a method of solving (BLR). Here, we provide an algorithm capable of computing
an e-approximate solution Z such that f(z) — f* < e in O(1)(1/+/¢) iterations based on the original

work presented in [1].

2.1 A First Order Method for Smooth Convex Optimization

We now present Nesterov’s accelerated gradient descent for solving (P).



Algorithm 1 Nesterov’s accelerated gradient descent (NAGD)
Select parameters v, € (0, 1], ;. Choose 29 € X. Set yo = xo.

for k=1,...,N do

2l =(1 = ) Yk—1 + WeTr—1 (2.1)
. "k 2
xp =argmin(V f(zx), ) + = ||zp—1 — 2[5 (2.2)
reX 2
Ye =(1 = Y)yk—1 + YTk (2.3)
end for
Output yun-.

Note that in order to use Algorithm 1 to solve (P), we only require function and gradient
evaluations, an initial feasible point, and constants v and 7. We will see in the sequel that, for

different choices of 7k, n, Algorithm 1 may have different performances.

2.2 Convergence Analysis of Accelerated Gradient Descent

In the following theorem, we state the convergence result of the accelerated gradient descent

in Algorithm 1.

Theorem 2.1. Suppose that we apply Algorithm 1 to solve (P) with parameter v € [0,1]. Then

the k-th iterates satisfy

Lok = meve

2
5 o — zr—1]]”.

Fyr) — (L= v6) f(Ye—1) — S (z) < ym (||33 — a1l = ||z — $k||2> +
(2.4)

Proof. Let {z}k_,, {x;}%_, and {y;}*_, be the iterate sequences generated by Algorithm 1. Then

by Lipschitz continuity of gradients and convexity, we have the following:

Flye) < fla) +(VF(zk) ye — 21) + g lye — 2l (2.5)
Flyr—1) = flzr) +(Vf(2r), yr—1 — 21) (2.6)
f(@) > fzr) +(VF(2k), 2 — 2k). (2.7)

10



Each inequality (2.5), (2.6), and (2.7) follows immediately from (1.8). With these inequalities in

hand, we write

Flyr) — (X =) f(ye—1) — v f () < flzr) + (VF(20), ke — 25) + g ys — 2l
— (L= y)(f (k) + (Vf(2k), Yr—1 — 2k))

=Y (f(zk) + (Vf(z), @ — 2))-

After simplifying and noting yx — 2k = Yk (xx — Tr—1) from (2.3) and (2.1), we have

2
Fw) — (1= ) hmn) — @) < (V) v — (L= i — )+ 2 [l — |
2

Lry;

= (Vf(z), 9k — (1= )Uko1 — Tk + Veth — W) + —£ [|ag — 21|

2
2

L

= (Y F (), @k = ) + S [l — a7
Here, we make use of the definition of yy in (2.3) in the final step. Enforcing the optimality conditions
of zy, in (2.2) to v (V f(2r), xr — x), we obtain

LAg — ik

5 ||z, — 2p-1]]?

flur) — (=) f(yr—1) — W f (@) < ym <||$ — el = v - kaQ) +

which completes our proof. O

With Theorem 2.1 in hand, we state two corollaries specifying choices of parameters -y, and
Nk-

Corollary 2.2. If we set

Yve=landn, =1L (2.8)

in Algorithm 1, then
* 2
Lz — o]

fon) = f(@") < (2.9)

N+1
where gy = ZLVZO yr/(N +1).
Proof. Note that by convexity of f,
N
- legv—o Yk 1
= — < . 2.].
@) f(N+1 fNHkE:jof(yk) (2.10)

11



To prove the corollary, it suffices to show that

1 (& o _ Lllz* =zl
m (kof(yk)> —f(x ) < T

Following the result of Theorem 2.1 with vy, = 1 and nx = L, (2.4) becomes
) = £@) < L (llr = zxal = 2 = i) (2.11)

Summing (2.11) over all k, the right hand side becomes a telescoping sum to yield

N
(Zﬂyk)) — (V1) f(@) < L (Jle = 2ol * = llo = on]*) < Lz — aoll*.
k=0

Setting x = «* and dividing by (N + 1) gives the desired result. O

The parameter setting in (2.8) is desirable in part due to its simplicity. Indeed, under these

settings, xr = yr = 2 and

. L

xp = argmin(V f(zg), x) + 3 lzk—1 — ||
zeX

2

argmin—
reX

i (xk_1 - in(JUk—l))

2

argmin
zeX

T — (xk1 - 2Vf($k1))

We may understand the above computation of x; as a step in the negative direction of V f(xp—_1)
projected back into the set X. This technique is referred to as Projected Gradient Descent and is

presented in Algorithm 2.

Algorithm 2 Projected Gradient Descent
Choose zg € X.

for k=1,...,N do

T — (Tp—1 — %Vf(fl?k—ﬂ

T = argmin
zeX

end for

Output Zy = E,]CVZO /(N +1).

12



Corollary 2.3. If we set

2L

Mo =g 1 and 7 = T (2.12)

in Algorithm 1, then
Fluw) = 1) < ot [l — ol (213)

YN x S NN+ D) " — x| .
Proof. Define
1 k=1

Ty = (2.14)

(1 — 7k)Fk,1 k>1

Under the setting in (2.12), it is easy to verify that T'y, = Letting x = z* in (2.4) and dividing

2
E(R+1)"

by I'y, gives

)~ £@) € (e = 1) + 0 (|l = P o = 7))

Subtracting the first term on the right hand side from each side and summing over k gives us another

telescoping series on the left that evaluates to

N N
Pl = @)Y ()= F @)= () =) < D2l = il Pl — 271 %)
k=2 - k=1
(2.15)
since (1 —v1)/T'1 = 0. Evaluating the telescoping series on the, we obtain
1 S
N KMk /)« 2 (2
—(flyn) = f(=") <Y (2" = zpal[” =[x — 2"|]%). (2.16)
I'n = Tk
Applying the parameters (2.12) and (2.14) gives
N
N(N +1) " ALk(k+1) N 9 w12
N T — < — T — —
) = 1) < 32 G U = el = 1)
that simplifies to
O

Recall that from (2.9), in order to compute an approximate solution y such that f(y) —

13



f(z*) < e with parameters defined in (2.8), the number of iterations required is bounded by

O(M) However, under (2.12), (2.13) shows that number is bounded by O (\/ w>

While the former reduces to the simple scheme in Algorithm 2, the latter gives accelerated conver-

gence and is commonly referred to as Nesterov’s optimal gradient method (OGD).

14



Chapter 3

Optimality of Nesterov’s Optimal
Gradient Method

Algorithm 1 is an example of a first order iterative method. We define a first order method
M as a scheme for solving (P) such that M initializes the search point zg, and M accesses the first
order information of f through a deterministic oracle Oy : R" — R"xR" with O¢(z) = (f(z), Vf(x))
for x € R™. In particular, M can be described by a problem independent zg and a sequence of rules
{Z}¢2, such that
i1 =IL(O¢(z0),...,0¢(x1)).

Without loss of generality, we may assume that o = 0 and that at the N-th iteration, the output
of M is always x .

In [1], it is shown that the lower complexity bound for smooth convex optimization is
O1)(1/y/e). In view of Corollary 2.3, we conclude that OGD is an optimal algorithm for smooth
convex optimization, in the sense that its theoretical computational performance can not be im-

proved. For completeness, we present a proof in this chapter.

15



3.1 Iteration Complexity Lower Bound for Smooth Convex
Optimization

We will consider a quadratic programming problem, which falls under the class of smooth

convex optimization, of the form
1
f*i=min f(z) = Qap(x) = —al Az — bTx (QP)

rER™ 2

where A = 0. Convexity of (QP) follows immediately from Corollary (1.2) since V2f(z) = A = 0

by assumption. Furthermore, for any U € U}, where
Uy = {U € R™" | Ub=U"b=band U is orthogonal } (3.1)
we can show that by defining y = Ux for any x € R"
tTUTAUz = yT Ay > 0
follows from A = 0. Thus,
firla) = [(U) = 3a"UT AUz ~ V2 = Qur aus() (3:2)
is also a smooth convex function and

min f(z) = min fy(z).

That is, without loss of generality, we may assume our quadratic program has objective function

fu(x) for some U € Uy. Let KC,.(A,b) be the Krylov subspace of order r defined by
K.(A,b) := span{b, Ab,..., A"~ 'b}. (3.3)

We have the following lemmas.

Lemma 3.1. For any A € R"*"™ b € R", we have the following

16



1. K.(A,b) C K,41(A,b) for any integer r > 1. Additionally, if IC,.(A,b) = K,41(A,b), then
K. (A, b) = Ks(A,b) for all integers s > r.

2. For all U € Uy,

K. (UTAU,b) = UTK,.(A,b). (3.4)

Proof. The subset KC,.(A,b) C K,41(A,b) is clear from the definition in (3.3). For the remainder of

the first part, assume that IC,.(A4,b) = K, +1(A4,b). That is, there must exist ¢; € R such that

ATb = Z ¢ A1

i=1

This implies that
T ) T ) r—1 )
Ao = A(AD) = A AT =D i Ab =) c;A'b+ ¢ ATh.
i=1 i=1 i=1

The term Y7— ¢;A%b lies in K,(A,b) by definition whereas ¢, A" € K,41(A,0) = K,(A,b) by
assumption. Thus, A""'b € K,(A4,b). Inducting on r gives the desired result. For the second

statement, note from (3.1) that
(UTADY b =UTA'Ub =UT A'b.

Thus, z = >\, ;(UTAU) b =UT 7| ¢; A1 which implies that K,(UT AU,b) = UTK,(A,b).
O

The following lemma appeared in [2] and will be used in our analysis in the sequel.

Lemma 3.2. Let X and Y be two linear subspaces satisfying X C Y C RP. Then for any & € RP,

there exists orthogonal matrix V' such that
VieYand Ve=xz, Vze X
Proof. When Z € X, V = I satisfies the conditions. Otherwise, let Z =y + z where z € X,y € X*.

Let {u;}!_;,t < p be an orthonormal basis for X and extend it to an orthonormal basis {u;}{_;,t <

17



s < p for Y. Define an orthogonal matrix V' such that
Vu; = u; and Vy = ||y|| w1

Then for any x € X, there exists constants A; such that 22:1 Au; = x and consequently

t t
=1

i=1

Furthermore, it follows directly from construction that
Vi =2+ |lylluss € Y.

O

The following two propositions will be crucial to development of the lower complexity bound

for smooth convex optimization.

Proposition 3.1. Let f(z) be defined as in (QP) and N an integer such that
Kon-1(A,b) € Kan(A4,0) C Kon+1(A,D). (3.5)

Then for any first order scheme M and iterate number k, there exists Uy € U, such that when M

is applied to minimize fy, (z), the first k iterates satisfy
z; € U Kars1(A, b)

forallt=0,...,k.

Proof. We proceed by induction. When k = 0, the result is trivial since for any Uy € Uy, we have
x9 = 0 € Upspan{b}. Now assume the statement holds for k —1 < N and let x;, be the next iterate

computed by M. By the assumption k£ — 1 < N and (3.5),

Kor—1(A,b) & Kax(A,b) € Karr1(A,0).
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and consequently

Up—1Kar—1(A4,b) € Ui Kar(A,b) € Uy Kagy1(4, b).

by orthogonality of Uy_1. Suppose that UL | Kax(A,b) is spanned by {w1,...,w;} for some | < 2k.
Then there must exist w1 € UL | Kag+1(A, b) for which w1 € UL | Kar(A,b). By Lemma 3.2 we

can define an orthogonal matrix V satisfying
Vw; = w; for w; € UL Kor(A,b) and Vg / ||vg|| = wiys. (3.6)

By this definition, it follows that x; € VTU]%F_IIC%H(A,b). We claim that U := Ui_1V is the
orthogonal matrix we seek to complete the induction step. It is easy to see that Uy is orthogonal
and since b € U | Kar (A, b),

Upb=Ur_1Vb=Ui_1b=b.

It suffices to show that applying M to fy, (z) generates iterates xg, ..., zr—1. Indeed, note that for
any x € UL | Kar—1(A,b), from (3.4) we have that Ul | AU,_12 € UL | Kax(A,b). Thus

Ul AUz = VTUL (AU Ve = VT(UL AU, _12) = UL AU,

Hence, for any = € UL Kar—1(A,b), the functions fy, (z) and fy, ,(z) have the same zeroth
and first order information. Since we assume by the induction hypothesis that zg,...,xx_1 €
UL | Kak—1(A,b), applying M to minimize fy, () will generate zo, . .., zx. Noting (3.6), we conclude
that zg,...,7x € Ul Kagr1(A,b). O

Proposition 3.2. For any A € R"*" b € R", U € Uy, and any integer r,

. o _ . o _ .
melrcr}&,b)QA,b(w) min Qa,(2) pex, R AUb)QUTAU,b(w) min Qur avp(@) (3.7)
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Proof. Since U € Uy, bTx = UTUb z = UTvTz = b7 (Uz). Noting (3.4),

1 1
min  —z'UT AUz — b2 = min = (2"UD)A(Uz) - " Ux
€K, (A,b) 2 zeK,.(A,b) 2

1
min —zT Az —bTx
zeUTK,.(A,b) 2

. 1
= min Z2T Az — bT 2.
z€K,(UT AU,b)

Also,
1 1 1
aLr-Iel]iRI}L §xTUTAUx N IIIel]%ITIL §$TUTAU$ —b"Ux = ;2]% §yTAy - by
with y = Az. Combining these equalities gives the result. O

In view of (3.7), we may simply consider an instance of A and b. Indeed, let

L Agersz 0

A
40 0 o

L
S Rnxn7b: Zel (38)

with Ayps a tridiagonal matrix defined as

Aypys =

In this definition, L is the Lipschitz constant and e; is the i-th standard basis vector of R™. We
remark that from [3], the eigenvalues of A are of the form \; = 2 — 2cos(jn/(4k + 4)) < 4 for all

j=1,...,4k + 3. Since A is symmetric, it follows that

L L AL
I|A4]], = 1 [|Aspsl| = Zmlaxp\j\ < - = L.

Thus, VQa,(x) = Az — b is Lipschitz continuous with Lipschitz constant L.

The optimal solution z* to m]iRn Q 4 p(x) is simply the solution to Az = b and can be verified
ze n ’
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to be
1— 2 1<i<4k+3

N 4k+4
T, = .
0 dk+4<i<n
and so,
§ L 1
Qap(e’) = min Qap(z) = g ( 1+ 4k+4> (3.9)

In the lemma that follows, we show the final necessary computation for proving the lower complexity

bound.

Lemma 3.3. For A,b defined in (3.8), the Krylov subspaces can be written as

span{ey,..., e} 1<r<4k+2
K.(Ab) = (3.10)

span{ey,...,eqpi3} 1 >4k +3,

the minimum value over Kogy1(A,d) satisfies

Qap(z) > g(—1+ ! >,

zGlCzk+1(A b)

and consequently,

2
Qap(r) — min Q4 p(x) > 8L [|"]]

_ 3.11
xe/czk+1(A b) zER™ ’ — 128(k + 1) ( )

Proof. Clearly, b € span{e;} and Ae; = (2,-1,0,...,0)7 € span{e;,es}. Continuing, we have
Ae; € span{e;_1,¢€;,e;41} for all 2 < ¢ < 4k 4+ 2 from the tridiagonal structure. Thus, the first
statement follows. Since x(;y = 0 for any i > 2k + 2 whenever x € Kar11(A,d), it follows that the

error can be bounded as

. L (1 , T L1,
— | zx* Az —b > — | =zt A — .
:EGIC2k+1(A b)QA b( ) mGIC;?i?(A,b) 4 (2.%‘ . .Z‘) - 26%21?+1 4 (22 2k+1% 7 2(1)

Here, Aok is the (2k + 1) x (2k + 1) leftmost submatrix of A and z is the subvector consisting of

the first 2k 4+ 1 elements of z. In a similar computation that produced m]iRn Qap(x), we see that
TER
L 1
—(-14+—=.
zEICngrl(A b)QA o(w) = 8 ( 2k+2>
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Consequently, the error in terms of the objective function value satisfies

L
i — mi > 3.12
wElCzrili?(A,b)QA’b(l.) felﬁgQA’b(x) —32(k+1) (3.12)
Combining (3.12) with
4k+3 PN 4k+3 o Ak43 | ki3
*112 . .2
= 1-— ) = 1) - S
[l z_;( 4k:+4> (; ) <4k+4i_1 Z)*((4/«4#1)%2’)
2 (4k + 3)(4k + 4) 1 (4k + 4)3
< (4k+3) — . .
< (k+3) = 2 Ty az T 3
Ak + 1)
3
we conclude (3.11). O

n—3

Theorem 3.3. For any first order iterative method M and iterate k < 1

, there exists some

smooth convex function ¢ : R™ — R with L-Lipschitz gradient such that z; generated by M satisfies

h(zx) — min h(z) > 3L ||zo —a”|*
M peRn = 128(k +1)2

(3.13)
Proof. Let f:R™ — R be defined as in (QP) with A and b as stated in (3.8). Applying Proposition
3.1, there exists g(x) := fu, (z) whose iterates xo, ...,z lies in the subspace U] Kax11(A,b). Thus,

by Proposition 3.2 and Lemma 3.3,

IGKTI(HUI;IAUE}) Quravp(z) — oin Qur avp(z) = xelfgil({}"b) Qap(r) — nin Qap(z)
w2
3L ||x*||
= 128(k+1)2°

O

In view of Theorem 3.3, our proposed Algorithm 1 with parameters (2.12) is an optimal
algorithm for solving smooth convex optimization. Futhermore, there exists the following other

available lower complexity bound results on deterministic first order methods for convex optimization

f*= n;mf(x)

e When f is convex, the lower complexity bound is O(1)(1/?) [4, 1].
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e When f is convex, nonsmooth with bilinear saddle point structure, the lower complexity bound

is O(1)(1/¢) [2].

e When f is strongly convex, smooth the lower complexity bound is O(1)log(1/e) [1, 5].
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Chapter 4

Lower Complexity Bound for

Binary Logistic Regression

Let us now consider our (BLR) again. By (1.7), we know that we can solve (BLR) via
Algorithm 1. Hence, in view of (2.3), an e— approoximate solution can be computed in O(1)(1/+/2)
first order oracle iterations. However, it has yet to be determined that that Algorithm 1 achieves the
lower complexity bound for binary logistic regression problems via first order deterministic methods.
We will develop a lower complexity bound for functions of the form in (BLR), a subset of smooth
convex optimization. In doing so, we will construct a worst-case dataset for solving binary logistic
regression that requires O(1)(1/+/€) first order oracle calls and thus, showing Algorithm 1 is an
optimal algorithm for this class of problems. These worst-case constructions will satisfy y* = 0.

Consequently, it suffices to solve the logistic model with homogeneous linear predictor

lap(z) = h(Az) — b" Az (4.1)
and corresponding problem
Uap= grel]iRr}LlA,b(I). (HBLR)

24



4.1 Linear Span Assumption

In this section, we make the following simplifying assumption: the iterates of a first order

deterministic method M satisfy

Tt € span{Vf(xO), RS Vf(xt—l)} (42)

for all ¢ > 1. We will refer to (4.2) as the linear span assumption. This assumption is convenient in
demonstrating our desired result, but we will later show that our results can also be proved without
the linear span assumption through a technique developed in [6] (see also [2]).

Define the following for a parameterization of binary logistic regression

-1 1
20’Wk
-1 1
—2CW, 1
W, = cri 4y | 2 [ egier gy | 1| e (4.3)

—20‘Wk _12k

-1 1
2 Wy

-1

Note that the above construction follows the idea in [1]; indeed, W72 appeared in the construction
(3.8). Let us consider performing binary logistic regression with data matrix Ay and response vector
bi. In order to avoid duplicate data entries in Ay, we also assume without loss of generality that

o > ¢ > 0. Denote then the functions

fe(x) == h(Agz) — bg(Akx) and ¢ (z,y) := h(Arrsyly) — bf(Akm + ylg). (4.4)

In view of the discussion above, we can view f; and ¢ as objective functions of homoegeneous and
inhomogeneous binary logistic regression problems respectively. Before we proceed, we note that a

sufficient optimality condition for minimizing the function f in (4.4) is

V /i (z) = 0. (4.5)

We will use three lemmas to study the behavior of the iterates of a first order method M applied

to (HBLR). For brevity, denote e; ;. the t-th standard basis in R”.
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Lemma 4.1. For A defined in (3.8),

|Ak]] < V/32(02 + C2). (4.6)
Proof. Let u € R*¥. Then we have

Wil |* = (ugry — wge—1y)? + -+ (uge) — u))? + (u))?
<2 ((u)® + (ug—1))* + - + (w@2)* + (u@)® + (u))?)

2
< Aflull”-
This implies that
[ Arull” = 8(0® + %) [[Wiul[* < 32(0% + ¢%) [Jul[*.

Thus,

1Akl < v/32(0% + ¢?).

O
Lemma 4.2. The minimization problem
fr = min fj
zERF
has optimal solution
o* =¢(1,2,..., k)7
with optimal value
I = 8klog 2 + 4k (log cosh(oc) 4 log cosh(¢c) — (o — ¢)c)

where c¢ satisfies

o tanh(oc) + ¢ tanh((c) = o — (. (4.7)

In addition, (z*,0) is the unique optimal solution to mingegn yer ¢r(z,y).
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Proof. Since Wyz* = clj, follows from the definition in (3.8), it is then easy to check that

20cly, tanh(oc)1y
1| —2(clg tanh(oc)1y,
Vh(Agx™) =tanh | - ¢ = (o)
—20cly, tanh(oc)1y
2¢cly, tanh(oc)1y

via the description in (1.11). Using above equation and noting that W1y = ey, we have
ATVh(Aga™) = 4(o tanh(oc) + ¢ tanh(Cc))ex k-
Combining the above with
Abe = 4(0 = Qen i (4.8)

we conclude that the optimality condition in (4.5) is met whenever c satisfies (4.7). Such a c is well-
defined since the function T'(¢) := o tanh(oc)+¢ tanh(¢c)—o+( is continuous with T'(0) = —o+( < 0

and lim T'(¢) = 2¢ > 0. Moreover, noting that cosh is an even function,
c— 00

i =h(Agz*) — 4k(oc — {)c
= 2k (log(2 cosh(oc)) + log(2 cosh(—(c)) + log(2 cosh(oc)) + log(2 cosh(¢c))) — 4k(o — {)c

= 8klog 2 + 4k (log cosh(oc) + log cosh(c) — (o — {)c) .

Furthermore, after noting

) . .
50 dr(z*,y) = 1EVh(Apz*) —bi 1, =0
Yly=0

and

vz¢k(m*70) = ka,(l‘*) = Oa

we conclude that
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Lemma 4.3. Let t, k be positive integers satisfying ¢ < k. Denote
Xi g =span{ex_t41 k.-, €u k), Vh, 1 <t <k
and
Vi :=5pan{er ak, - -, €t dks - -5 Cht1,dky - - » Chtt ks - - - 5 €2k 1,dks - -+ » €2kt Ak « -+ > €3kf1,4ks - - - 5 €3kt 4k -
Then for any = € X; i, Apx, VR(Arz) € Vi and AT Vh(Agz), V fr(x) € Xyt1k. Furthermore,
wren)lcnkfk () = 8(k —t)log 2 + min f(u). (4.9)

Proof. Let @ € X; . Thus,  can be decomposed into x = (07_,, uT)T for u € R’. Consequently,

20Wiu tanh(cWyu)
Or—¢ Ok—t
—2¢(Wiu tanh(—(Wyu)
Apr = Or— , Vh(Agx) = Or—
—20Wiu tanh(—oWyu)
Op—¢ O—t
20Wu tanh({Wyu)
Or—t O—t

Hence, Agx, Vh(Aiz) € V. ;. Noting that, since tanh is an odd function, we have

tanh(cW;u
ATVh(Ayz) = 4oWT (oWe] AWk

Ok_t Ok—t

tanh(¢Wyu)

and consequently

ka(x) = Ath(Akl‘) — Agbk S Xt+1,k-
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To show (4.9) note that, for € Xy,

¢
h(Agx) = 22 log(2 cosh(oWiu)(;y) + 21og(2 cosh(—CWiu) ;)
i=1

+ 2log(2 cosh(—oWiu)(;)) + 2log(2 cosh(CWiu);)) + 8(k — t) log cosh(0)).

Applying again the definition of Wy, in (1.3) here, we have h(Aix) = 8(k—t) log 2+h(A;u). Moreover,
since

brApe = 4(0 — Ou = bl Ayu
from the definitions in (3.8), we conclude the result (4.9) immediately. O

Similar to the discussion around Proposition 3.1, as a consequence of the previous lemma, we
show that a first order method M satisfying the linear span assumption generates iterates z; € X} j

when minimizing fi(x).

Lemma 4.4. Suppose that M is a deterministic first order method whose iterates satisfy the linear
span assumption (4.2). When M is applied to minimize f; defined in (4.4), we have z; € &} for

1<t <k

Proof. We will proceed via induction. Consider the case t = 1. By (4.2), 1 € span{V fr(x0)}. Since
zo =0, Vfr(zo) = —AFby. Thus, in view of (4.8),

V fi(xo) € span{ek r} = X1 %

so the statement holds for t = 1. Continuing with induction, assume that x; € &; , for 1 <i <t < k.

Noting lemma 4.2, V fi.(x;) € X111 for all . Thus, by (4.2), it follows that

Tst1 € span{V fi (o), ..., Vfi(2s)} C X1k

which completes the induction process. O
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Combining Lemmas 4.3, 4.4, and 4.2, it follows that

) = i > min Ju(o) — fi (4.10)
—8(k—t)log2 + f; — f7 (4.11)
=4(k —t) ((c — ¢)e — log cosh(oc) — log cosh(c)) . (4.12)

In an attempt to simplify the lower complexity bound presented above, we present the following

lemma.

Lemma 4.5. For any real numbers ¢ and ¢ that satisfy /¢ = 1.3,

c2o?

2

(0 — ¢)c — log cosh(ac) — log cosh({c) >

Proof. For ¢ > 0, the function ¢ — ctanh(c) is increasing since its derivative is positive. Thus, since
(c < oc,

Cctanh((c) < octanh(oc)

and consequently

ctanh(Cc) < ctanh(oc).

Applying these inequalities to bound (4.7) gives
2¢ tanh({c) < 0 — ¢ < 20 tanh(oc)

Furthermore, because function ¢ — tanh(c) has positive derivative everywhere, we conclude that

¢ € [a,b] where

1 1 ¢ 1 g 1
= — h{-—— = - h{—=--]. 4.1
a arctan (2 5 ) , b c arctan (2 2) (4.13)

Here, since 0/¢ = 1.3, we have a,b > 0. Thus, applying (4.7) we have

(0—C)c—log cosh(ac)—log cosh((c) = (

(co)? (octanh(oc) + (ctanh(Cc) — log cosh(oc) — log cosh(Cc)) .

Noting again by the first derivative that function ¢ — ctanh(c) — log cosh(c) is increasing for ¢ > 0,
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we may apply (4.13) and obtain

(o — ¢)e — log cosh(oc) — log cosh(Cc) > c?o*C (4.14)

where

C:=

(bi)z (catanh(ca) — log cosh(oa) + Catanh(Ca) — log cosh(Ca)) .

Since C only depends on ¢/¢ = 1.3, we may numerically verify that
1
C > 3 (4.15)

and the statement of the lemma follows from (4.14) and (4.15) immediately. O

We are now ready to estimate the lower complexity bound of first order methods applied to

binary logistic regression under the linear span assumption.

Theorem 4.1. Let M be a deterministic first order method applied to solve (BLR) whose iterates
satisfy the linear span assumption (4.2). For any iteration count M and constants n = 2M, N = 8M,
there exist data matrix A € RVYX" and response vector b € {—1,1}" such that the M-th iterate

generated by M satisfies

* 3 A 2 €T _x* 2
bav(@ar) — dap(z®) > A [z — ||

T 24(2M +1)(4M 4 1) (4.16)

and

* ]‘ *
l|aa — \|2>§||x0—x I1%. (4.17)

Proof. We begin by setting constants ¢ > 0 and ¢ = 1.3¢ and defining Ay as in (3.8). Let M be
applied to minimize fj defined in (4.4) with k = 2M. Then from Lemma 4.4, the discussion in after

(4.10), and the simplification in Lemma 4.5, we have
felzy) — fr > 2(k —t)Po?, YVt <k (4.18)
Furthermore, from (4.6) and Lemma 4.2 along with the assumption that o = 0, we have

| Ak|| < 44/202 + 2(0/1.3)2 < 80 (4.19)
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and
k 2

oo —a*|]> = 2 i2 = %k(k+1)(2k+1). (4.20)
=1

Combining the above two relations with (4.10), we conclude

3(k — 1) [| Akl [|zo — =|I*
—fi> 4.21
Frlwe) = fi 16k(k + 1)(2k + 1) (4.21)
Continuing, since z; € &; ; by Lemma 4.4, we have the bound
k—t 02
loe —a*|]? > ) i = U= t)(k — ¢+ 1)(2k — 2t + 1), (4.22)
i=1
Consequently, by setting ¢t = M and noting k = 2M, (4.21) becomes
o BAR [l — 2*|?
Teles) = Ji> Sioar T )@ + 1)
Applying (4.20) and (4.22) results in
%112 C2 C2 ]. 112
[lzar — 2|7 < EM(M+ HEM+1) > 4—8(2M)(2M+ 1)AM +1) = 3 [lzo — z*||”.
Letting A := Ay and b := b, we conclude the theorem. O

4.2 Lower Complexity Bound for solving Binary Logistic Re-
gression via General first order Methods
In this section we will remove the assumption in (4.2) and build on the results of Theorem

4.1 to establish a similar result without the linear span assumption.

Lemma 4.6. For Ay, by specified in (3.8), any first order method M, and some t < %, there

exists an orthogonal matrix U; € R¥** satisfying
1. U ATb, = ATy,

2. When M is applied to solve (HBLR), the iterates xo, ..., z; satisfy

T .
T; € Ut X2i+17k7 1=0,...,t.
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Proof. Let us first define the set

U :={V € R¥**V | is orthogonal and VA¥b;, = ATb,}.

We will proceed by induction. The case ¢t = 0 follows immediately from letting Uy be the identity
matrix. Now suppose the statement holds with ¢ = s — 1 < (k—1)/2 and denote =5 the next iterate.
We will show the statement holds with ¢ = s. Since s < (k—1)/2 is sufficiently small, it follows that
Xog 1 C Xasi1x and consequently UL | Xog ) € UL | Aoy 1 . Moreover, by Lemma 3.2, there exists

some orthogonal matrix V' such that

Ve=a Vo e UL | Aoy and Vo, € UL | Xogi1 1. (4.23)

Denote then

U, = U,_,V. (4.24)

From computation in (4.8), we know that ATb, € Ay C Apsk. Thus, we have UTATH, =
VTUgllA{bk = VTAgbk = Agbk. Noting that V is the product of orthogonal matrices and thus
orthogonal, we conclude that Us; € . Now suppose = € UEXQS_l,k. By (4.23) and the fact that

Us € U, we have

La, U, b (1) = W(ARU,) — 2T UL AL by, = h(ARUs_12) — 2T UL AL by = la, v,y b, (7).

Additionally, applying Lemma 4.2 and (4.23), we see that VI UL | ATVh(AxUs_12) = UL | AFVh(AUs-12)

and therefore,

VZAkU57bk (l‘) = USTAth(AkUsa?) — USTAfbk = UZ_1AZVh(AkUs$) — UsT_lAgbk = VZAkUs—lybk (1‘)

Therefore, for any z € UT Xos_1 i, the first order method M receives same information regardless

whether it is applied to {4, v, b, OF la, U, ,.b,- Thus, it produces the same iterates xg,...,zs—1 when
minimizing l4, v, b, as it does when minimizing {4, ¢, ,p,. Furthermore, by the construction of V,
for any 1 =0,...,s — 1, we have

Ul X1 =VIUL Xoiy1 o = UL | Xoii1 (4.25)

33



and

TyiT T
2 €V U,_ 1 Xojg1,6 = Uy Xogi1,-

Combining these two arguments with the induction hypothesis yields

2 €U Xoipr 4, Vi=0,...,s. (4.26)

In view of (4.26), we conclude the induction for the ¢ = s case by choosing U = Us. O

Theorem 4.2. For any first order method M and fixed iteration number M with corresponding
constants N = 10M +8,n = 4M + 2, there always exists data matrix A € R™V*™ and response vector
b € RY such that when M is applied to solve (HBLR), the M-th iterate satisfies

BIIA[* ||z — 2|
6(4M + 3)(8M +5)

lap(znr) — Uiy 2 1

and

1
[l = 2*[* > ¢ llwo — 2|1
where z* is the minimizer of {4 .

Proof. Let ¢ > 0 and set 0 = 1.3¢. Let k = 4M + 2 and define Aj, using o,¢ as in (3.8). Lemma
4.6 provides an orthogonal matrix U such that UT AT, = AT b, and when M is applied to solve

la,Up,, the iterates x; satsify x; € UTX%H);C for any 0 < ¢ < M. Thus, we have

l Tar) > min l T
AU (Tar) = e tin AxU by ()

=  min  h(AUz) —2TUT ALY,

z€UT Xonry1,k

= min h(Agz) — 2T ALY,
T€EXoN 41,k

= min T
z€X2M+1,1cfk( )
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and

Iy = minla, v, (z
ApUbe = ooy An i (2)

= manh(Aka) —2TUT Al by,
EdS

= mlnh(Akx) — 2T ATb,
z€RF

— min fi(a).

zERF

Here, we used the definition of fj as in (4.4). Noting the two above computations applying (4.10)

and Lemma 4.5, we see that

Lo (@) = Uog, 2 | min - fi(e) = min - fi(z)
— _ _ Ve _ (4.27)
=4(k —2M — 1)((0 — ¢)c — log cosh(oc¢) — log cosh(¢c))

> 2(k —2M — 1)c?o?

In view of computation of I’y ;;, , we see that its minimizer z* must satisfy 2T = UTx* with 2*
being the minimizer of fx provided in Lemma 4.2. Since Lemma 4.6 guarantees zps € UT Xopri1 ks

it follows that

e — 2| > max ||z —a*|?
TEXoM 41,k

k—2M—-1

2M+1
2 E i2
i=1

%(21\4 +1)(2M 4 2)(4M + 3)

Y

since we set kK = 4M + 2. Furthermore, because xg = 0,

AM+2 2
llzo — 2% = |[UT2*])* = ||a*|]? = & Z i = (4M +2)(4M +3)(8M +5) (4.28)

35



and consequently

* 1 *
llear —27|)% > g llzo = ="l
Lastly, applying (4.28) to (4.27) and noting k = 4M + 2, we see that

602(2M + 1) ||zo — 2*|)°

I ~ U 2 .
A O0) = L 2 AT a0 + 3) (80 + )

Recalling (4.6) we conclude that

60> ||AII* llwo — 2*|I* 60 ||AII* [lo — 27|

(4.29)

2 2
3[IA[" [lwo — 27|

La,up, (Tar)—

along with (4.29) completes the proof by setting A := ApU and b := by.

4.3 Conclusions

. _
AREOC AP (4M + 3)(8M +5) ~ 3202(4M +3)8M +5)

16(4M + 3)(8M +5)

O

With Theorem 4.2, we are able to construct a homogeneous worst case dataset for binary

logistic regression which proves that Algorithm 1 is an optimal first order method for such a class of

functions. However, the dataset generated here is most definitely non-standard. Possible extensions

of this work would be to substitute our contrived A, by in favor of randomly generated datasets for

more practical results.
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