Clemson University

TigerPrints

All Dissertations Dissertations

5-2022

Improved First-Order Techniques for Certain Classes of Convex
Optimization

Trevor Squires
Clemson University, tsquire@clemson.edu

Follow this and additional works at: https://tigerprints.clemson.edu/all_dissertations

b Part of the Other Mathematics Commons

Recommended Citation

Squires, Trevor, "Improved First-Order Techniques for Certain Classes of Convex Optimization" (2022). All
Dissertations. 3038.

https://tigerprints.clemson.edu/all_dissertations/3038

This Dissertation is brought to you for free and open access by the Dissertations at TigerPrints. It has been
accepted for inclusion in All Dissertations by an authorized administrator of TigerPrints. For more information,
please contact kokeefe@clemson.edu.


https://tigerprints.clemson.edu/
https://tigerprints.clemson.edu/all_dissertations
https://tigerprints.clemson.edu/dissertations
https://tigerprints.clemson.edu/all_dissertations?utm_source=tigerprints.clemson.edu%2Fall_dissertations%2F3038&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/185?utm_source=tigerprints.clemson.edu%2Fall_dissertations%2F3038&utm_medium=PDF&utm_campaign=PDFCoverPages
https://tigerprints.clemson.edu/all_dissertations/3038?utm_source=tigerprints.clemson.edu%2Fall_dissertations%2F3038&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:kokeefe@clemson.edu

IMPROVED FIRST-ORDER TECHNIQUES FOR CERTAIN CLASSES OF
CONVEX OPTIMIZATION

A Dissertation
Presented to
the Graduate School of

Clemson University

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy

Mathematical Sciences

by
Trevor Squires
May 2022

Accepted by:
Dr. Yuyuan Ouyang, Committee Chair
Dr. Brian Dean
Dr. Yongjia Song
Dr. Boshi Yang



Abstract

The primary concern of this thesis is to explore efficient first-order methods of computing
approximate solutions to convex optimization problems. In recent years, these methods have become
increasingly desirable as many problems in fields such as machine learning and imaging science have
scaled tremendously. Our aim here is to acknowledge the capabilities of such methods and then
propose new techniques that extend the reach or accelerate the performance of the existing state-
of-the-art literature.

Our novel contributions are as follows. We first show that the popular Conditional Gradi-
ent Sliding (CGS) algorithm can be extended in application to objectives with Hélder continuous
gradients. CGS has gained much attention in recent years due to its ability to compute an approxi-
mate solution without the necessity of a projection oracle. However, it requires both the existence
and knowledge of certain smoothness parameters to properly run. We will relax the smoothness
requirements and utilize a backtracking linesearch approach to facilitate the algorithm without the
knowledge of the relaxed smoothness parameter. In doing so, we will design a new generalized CGS
algorithm which also has additional practical benefits over CGS in the smooth case.

Chapter 4 moves our discussion to affinely constrained problems and their limitations. These
methods can be solved by alternating direction method of multipliers (ADMM) and are quite popular
in fields such as imaging science. We discuss the current lower complexity bounds of solving such
problems and suggest a potential method of improvement. By separating the computation of gradient
and operator evaluations, we propose two new sliding methods that improve upon the best known
convergence rates for such affinely constrained problems. Furthermore, we show that by carefully
combining our two new methods, we can obtain a single sliding ADMM method that attains a

stronger lower complexity bound for this problem class.
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Chapter 1

Introduction

This document is intent on finding an £ > 0 solution & to the convex optimization problem

f = min f(z) (CO)

reX

such that f(Z)— f* <e. Here, f : X — R is a convex, real-valued function, R™ is a high dimensional
space, and X C R" is a convex, compact set with diameter Dx, or R” itself. Under the Euclidean
norm ||-||, we define

Dx := sup ||z -yl <oo (1.0.1)
z,yeX

when applicable. We restrict ourselves to deterministic first-order algorithms. Although the de-
terministic restriction makes a sizable cut in our class of algorithms, much of the well received
stochastic algorithms are based on a deterministic counterpart. Furthermore, since we assume that
n is large, we will find ourselves reluctant to accept algorithms that require higher order information
of f as the size of such information does not scale linearly with our problem size. With this issue
in mind, we will keep our study to algorithms that only utilize zero- and first-order evaluations of
f which we refer to as first-order algorithms. More precisely, the term “deterministic first-order
method” is defined by the following oracle description: we say that an iterative algorithm M for
a convex optimization problem (CO) is a deterministic first-order method if it accesses the infor-
mation of objective function f through a deterministic first-order oracle Of : R x R", such that

Oyf(x) = (f(x), f'(x)) for any inquiry z, where f’(x) is a subgradient of f at z. Specifically, M can



be described by a problem independent initial iterate 2y and a sequence of rules {Z;}$°, such that

Tiy1 = It(Of(l'())7 .. .,Of(l’t)), Vt 2 O

The computational performance of M is evaluated through its solution accuracy f(Z)— f*, in which
T is an approximate solution computed by M. Without loss of generality, we can assume that z;’s
are both inquiry points to the oracle O and the approximate solution computed by M.

First-order convex optimization in high dimensional spaces is an incredibly active area of
research with far reaching applications particularly in the last 30 years. First-order methods have
the potential to provide approximate solutions to convex problems while maintaining a low computa-
tional complexity. This is in great contrast to higher order methods such as interior point or Newton
based methods which provide near exact solutions (i.e. machine precision error) at a slightly higher
computational complexity. First-order methods have developed at an accelerated rate recently due
to the rising popularity of applications such as machine learning, signal processing, medical imaging,
and others. These applications often have large dimension and make higher order methods infeasi-
ble. Additionally, applications such as machine learning only require an approximate solution to a
problem modeled as (CO) since the model itself is only an approximation to an underlying problem
instance. These characteristics make first-order optimization an ideal candidate for solving such
applications.

Our research throughout this document is be focused on both the lower and upper complexity
bounds of different algorithms and problem settings. For convex optimization problems, the lower
complexity bound is concerned with the least number of inquiries to the deterministic first-order
oracle in order to compute an e-approximate solution Z such that f(Z) — f* < ¢ in the asymptotic
sense. On the other hand, an upper complexity bound is a depiction of achievable computational
performance on solving a specified class of problems by use of a particular algorithm. If the lower
complexity bound of a problem class matches the upper complexity bound achieved by a specific
algorithm when applied to the aforementioned problem class, we say that said algorithm is optimal
for this problem class under the associated oracle. One important aspect of both complexity bounds
is the oracle used. By choosing an oracle appropriately, we can simply and accurately portray the
complexity behavior of algorithms.

Throughout this document, we consider different settings of (CO) in which we assume



additional properties of f and X. For example, f can be assumed to be sufficiently smooth or
strongly convex while X may be assumed to be well structured in order to achieve faster algorithms.
While these assumptions restrict our class of problems we can solve, they also potentially accelerate
the speed at which we can solve them. This trade-off between algorithm breadth and computational
complexity is critical in the discussion of first-order optimization techniques. As we assume more
about f or X, our problem class will therefore shrink, and we may potentially achieve a better
complexity bound than in the unrestricted setting. However, additional assumptions prevent us
from designing truly blackbox algorithms and reduce the number of practical applications. To this
end, we prefer to only explore new algorithms under the assumption of additional properties of f
and X if our additional assumptions are common in practice and an improved upper bound can be
established. The rest of this thesis is organized as follows. In Chapter 2 we introduce Nesterov’s
accelerated gradient descent algorithm and some extensions of the algorithm under different problem
settings, in Chapters 3 and 4 we develop new first-order optimization results based upon the well-
established methods in Chapter 2 with numerical experiments where appropriate, and in Chapter 5

we summarize the newly developed results with concluding remarks.



Chapter 2

Nesterov’s Accelerated Gradient

Method and its Extensions

Let us begin exploring methods for solving (CO) under the assumption that f is L-smooth,
i.e. f is differentiable and V f is Lipschitz continuous with Lipschitz constant L > 0. For convex

functions in particular, this is equivalent to
L 2
fl@) < Fy) +{Vfy),z —y) + Sz —yll (2.0.1)
for any z,y € X. We also assume that the projection problem
ILx(y) = I(y) := argmin ||z — yl)? (2.0.2)
HAS

is easy to solve. These two assumptions are quite common in first-order methods and will be the
focus in future sections. We refer to problems of (CO) with the L-smoothness assumption as smooth
convex optimization. In practice, both L-smoothness and a computationally feasible projection
problem are commonplace. Among machine learning in particular, loss functions are frequently
modeled using some p-norm, and unit balls/standard simplices are common feasible sets which
satisfy this assumption(see [1] for examples). Under this setting, we present Nesterov’s accelerated
gradient descent algorithm (NAGD) in Algorithm 2.1.

A few remarks can be made regarding NAGD. First, the motivation for each iteration is



Algorithm 2.1 Nesterov’s accelerated gradient descent (NAGD)

Start: Select parameters v, € (0,1],m, > 0. Choose xg € X. Set yg := z¢
for k=1,...,N do

2 =(1 = 7)Yr—1 + TeTr—1 (2.0.3)
x =argmin(V f(zx), u) + n—k||u — xp_1]]? (2.0.4)
ueX 2
Ye =(1 = Y)Ye—1 + Ve Tk (2.0.5)
end for
Output yn.

simple: rather than attempting to minimize f directly, we instead iteratively minimize its linear
approximation at some point along with a proximal term to keep us close to our previous iterate.
Indeed, the subproblem in (2.0.4) is the sum of the linear approximation of f at z; and a penalty
term that decreases as u approaches z_1. To allow further algorithmic flexibility, NAGD introduces
convex combinations z; and y; in (2.0.3), (2.0.5) that facilitate what linear approximation we use
and what point to output as our solution, respectively. Second, note that the computation of xj can

be rewritten as a projection

. k
ap = argmin(V f(z), u) + %Hu — zp?
ueX
2
= argmin
ueX

11 (i1~ ()

w= (o1 = 91t

Since we assumed the projection to be easy to solve, the only significant computational cost per
iteration of NAGD is the gradient evaluation in computing zy. Third, if v = 1, then zx, = zp_1, yx =
x) and xj reduces to a projected gradient descent step. That is, NAGD is equivalent to projected
gradient descent with step size nik whenever v, = 1 (see [2]).

The convergence analysis of NAGD is well studied. Originally established in [3] and revisited

in [4, 5], the following results are proven in [5].

Theorem 2.1. Suppose that we apply NAGD to solve (CO) with parameter 74 € [0,1]. Then the



k-th iterates satisfy

Ly? —

Flye) = (L =) f(yk—1) — W f(x) < vene (||5U - $k71||2 —|lz = $k||2) + w |2k — $k71||2 .
(2.0.6)

Proof. By Lipschitz continuity of gradients and convexity, we have the following:

L 2

Fly) < fzx) + (VF (i) = 20) + 5 My — 2l (2.0.7)
fyr—1) = f(z1) +(Vf(2k), yr—1 — 2k) (2.0.8)
f(@) = fzk) + (Vf(zr), 2 — 2k). (2.0.9)

Each inequality (2.0.7), (2.0.8), and (2.0.9) follows immediately from convexity of f and (2.0.1).

With these inequalities in hand, we write

Je) = (L =) fyr—1) — S (x) < flzr) + (Vf(2k), yn — 2x) + g lyr — 24|
— (L= 7)(f (1) + (Vf(2k)s Yr—1 — 2k))

— W (f(zx) +(Vf(2r), 2 — 2))-

After simplifying and noting yx — 2, = Ye(xr — 2x—1) from (2.0.5) and (2.0.3), we have

2
k) = (X =) fyr-1) — W f () <V f2k)sye — (1= Yo)yk—1 — ) + % (e
— V() ok — ) + 2 |l — g 2.

Here, we make use of the definition of g in (2.0.5) in the final step. Enforcing the optimality

conditions of xy in (2.0.4) to vk (V f(zx), xx — x), we obtain

LE — ik |

2
5 |z — Tp-1]|

Flw) = (U= f 1) = S (@) < e (e =zl P = llo = 2]?) +

which completes our proof. O

We now provide two different settings of v and 7 and analyze the convergence rate of

NAGD under these parameters.



Corollary 2.1. If we set

v =1land gy =L

in NAGD, then
L||z* — zo|)?
N+1

where §y = Zszo yr/(N +1).

Proof. Note that by convexity of f,

ZN " ;N

SN k=0 <

f@n) f( N+l ) < N+1k§f(yk)-
Thus, to prove the corollary, it suffices to show that

1 (& o _ Lllz* =zl
m (kof(yk)> —f(x ) < T

Following the result of Theorem 2.1 with vy, = 1 and n = L, (2.0.6) becomes

Fo) = £@) < L (lle =2l P = [l — )

Summing (2.0.10) over all k, the right hand side becomes a telescoping sum to yield

N
(Zﬂyk)) — (V4 1) f(@) < L (Jle = 2ol * = llo = on]*) < Lz — aoll*.
k=0

Setting x = «* and dividing by (N + 1) gives the desired result.

Corollary 2.2. If we set

- W 2L
= TR T
in NAGD, then
AL )
— NN *_ .
flyn) — f(2") < NN+ 1) [[2* — 2ol

(2.0.10)

(2.0.11)

Proof. Letting z = z* in (2.0.6), noting from (2.0.11) that 1 —~ = (k—1)/(k + 1), and multiplying



by k(k + 1), we have
Rk +1) (F(ge) = F(2%) = klk = 1) (F(ger) = (@) 4L [lla* = x| = |2 = 2]
Summing over k gives us telescoping series that evaluate to
N(N +1) (f(yv) = f(z")) S AL ||e* = zoll* = 4L ]z — nl||* < AL [je* — zol)®

which immediately concludes our result. O

Corollary 2.1 shows that we can prove a O(L/e) convergence result for projected gradient
descent using the NAGD framework. However, by choosing v and 7, more aggressively, we can
achieve the accelerated complexity of only O(\/Tk) first-order oracle calls as shown in Corollary
2.2. As a result, NAGD establishes an upper complexity bound for (CO) with an L-smoothness
assumption in (2.0.1). While the accelerated convergence rate is indeed a powerful result, [6] by
Nemirovski established a lower complexity bound for such a problem class under the first-order
oracle assumption. The proof technique for a lower complexity bound alone is one worth reviewing.

In order to construct a lower complexity bound for a problem class, it is sufficient to find
a problem instance such that any first-order method struggles to solve it. Nemirovski achieved
the latter by constructing a sequence of problem instances such that for any particular first-order
method M, each iterate x1,...,x); was guaranteed to lie in a particular subspace. By showing
that the minimizer among this particular subspace yields an objective value sufficiently far away
from the global minimizer, Nemirovski concluded in [6] that no first-order method could achieve
better guaranteed performance than the accelerated one given by NAGD. In particular, Nemirovski
proved that for any first-order iterative method M which generates iterates using the first-order
oracle assumption, there existed an objective function such that M requires Q(+/L/e) oracle calls
to find an e-approximate solution. With both an upper and lower complexity bound on the order of
O(+y/L/¢), we conclude that NAGD is optimal for L-smooth instances of (CO) under the first-order
oracle. This analysis of the optimality of an algorithm on particular problem classes under certain
oracle assumptions will be crucial for improvement in Chapters 3 and 4.

Although NAGD is an optimal first-order method for smooth convex optimization with

respect to the first-order oracle, we can continue to extend its usefulness. In this chapter, we explore



some state-of-the-art methods that are immediate adaptations of the NAGD algorithm.

2.1 Universal Gradient Methods

One important assumption for the convergence of NAGD is the smoothness of f. In both
the convergence results of Corollary 2.2 and its corresponding parameter setting, the Lipschitz
smoothness in (2.0.1) is used quite crucially. However, there are many instances where such Lipschitz
constant is not known, may not exist, or the function may not even be differentiable. For example,

quadratic objectives of the form

1
flx) = 59:TA9: — vz
are Lipschitz smooth with constant L = || A||. Explicitly finding L, however, is by no means a trivial

task, especially when n is large. In other cases, certain regularization terms in machine learning

are modeled using ¢; norms which themselves are nondifferentiable. To allow ourselves further

application of accelerated gradient methods, we will need to relax the L-smoothness assumption.
One such possibility is the class of functions with Holder continuous gradients. Instead of

assuming the inequality in (2.0.1), we instead impose the generalized assumption

MD v
F) < £(@) + (VH(@)y —a)+ 55 llo =yl ™+ oy € X, (211)

for some Holder exponent v € (0, 1] and constant M, > 0 along with the previous assumption that
X is easy to project to. We refer to functions satisfying (2.0.1) as Holder smooth which covers both
smooth (v = 1) and weakly smooth (v € (0,1)) cases. In this section and in Chapter 3 to follow,
we may also allow for the nonsmooth case (v = 0) by replacing Vf with a subgradient f’, but
these instances are left out for brevity. Nesterov proposed the Universal Gradient Method (UGM)
in Algorithm 2.2 for solving (CO) under the Holder smoothness assumption.

A few immediate remarks can be made regarding UGM. First, if we assume that f is L-
smooth with known constant L, then letting Li = L immediately reduces UGM to NAGD. However,
under the Holder smoothness assumption, we may not have access to such L. Second, to alleviate
this issue, Nesterov proposes to find an approximate L that satisfies an approximate Lipschitz
inequality (2.0.1) locally. Rather than requiring Lj to satisfy (2.0.1) for any z,y € X, we only

require that it satisfy the approximate Lipschitz inequality (2.0.1) at yx and z;. Third, we must



Algorithm 2.2 Universal Gradient Method (UGM)

Start: Select parameters v € (0,1],m, > 0. Choose zg € X and € > 0. Set yo = xq
for k=1,...,N do
Decide Ly > 0 satisfying

Lk £
Flye) < Fz) + (VF(z0) e — 2) + 57 My = 2l + 57k (2.1.2)
where
2 =(1 = Vi) Yk—1 + Y Th—1,
o =argmin(V f(z), 1) + Llu — 2o,
ueX 2

Y =1 — Ye)yr—1 + YTk
end for
Output yun-.

specify how Ly is chosen. UGM proposes to search Ly through a backtracking linesearch strategy. In
particular, we initialize with any Ly € R and choose L; = 2°Ly where i is the smallest integer such
that (2.1.2) is satisfied. At the start of the k-th outer iteration where k > 1, we set Ly = Li_1/2
and assess the validity of Lg. If it does not satisfy (2.1.2), we keep backtracking and replacing
Li, to 2Ly until (2.1.2) is satisfied. Fourth, it can be shown that this backtracking procedure only
adds a negligible logarithmic term to our complexity and thus such a procedure will not affect our
theoretical complexity. Finally, although UGM closely resembles that of NAGD, we should expect
performance at least as slow as NAGD since we now cover a broader class of problems.

Indeed, it has been shown in [7] that UGM computes an e-solution in at most O((M, / 6)T23~v)
first-order oracle calls. When v = 1, this matches the lower complexity bound of smooth convex
optimization. Furthermore, the classical iteration complexity theory [6] has established that the

lower complexity bound on the number of gradient evaluations of V f is
Q ((My/g)u%) (2.1.3)

for computing an e-solution. Thus, UGM is an optimal algorithm for solving Hélder smooth instances
of (CO) with respect to the first-order oracle. In addition, UGM does not require the knowledge of
Holder constants v or M,, which makes it in some ways more robust than its NAGD counterpart.

We will revist universal methods again in Chapter 3.

10



2.2 Conditional Gradient Methods

In both NAGD and UGM, we assumed that the projection problem (2.0.2) was easy to
solve for our feasible set X. Both algorithms are efficient in the sense that they do not require
many gradient evaluations. However, there are many cases where the projection is computationally
expensive. Take, for example, X = conv(vi,...,v,) for some p € N. For suitably large p, the
projection problem for X is a quadratic program which can be difficult to solve. In particular,
if f itself is a quadratic, the projection onto the convex hull can be more difficult to solve than
minimizing f. For such problem instances, NAGD and UGM are of little use. In order to have any
progress in this direction, we must look for algorithms which do not require a projection, namely
projection-free methods.

In 1956, Frank and Wolfe developed one of the earliest first-order methods for solving general
convex programming problems without the use of projections (see [8]). They proposed Algorithm

2.3 below for solving (CO) under the L-smoothness assumption and compactness of X.

Algorithm 2.3 Conditional Gradient (CG) method

Start: Select parameters v, € (0,1], 7 > 0. Choose yo € X.
for k=1,...,N do

xy = argmin(V f(yx—1), ) (2.2.1)
zeX

ye = (1 — o)yp—1 + ar

end for
Output yy -

The Conditional Gradient (CG) algorithm (also sometimes called Frank-Wolfe or FW),
removes the proximal term from the x; subproblem and chooses to only solve a linear optimization
problem over X instead of a projection. The proximal term in (2.0.4) was useful in ensuring that
future iterates maintain information from previous iterates, but also made the subproblem potentially
computationally infeasible by adding an extra quadratic term. Accordingly, one should expect that
CG requires more iterations to compute an e-solution to (CO), but the cost per iteration no longer
includes a projection. Instead, the potentially expensive operations are gradient evaluations, and
linear optimization problems. For many problem settings, a linear optimization problem is far more
computationally feasible than a projection. Indeed, a linear optimization over the convex hull set

previously discussed is simply a linear program. It is shown in [9] that for properly chosen «y,

11



CG can compute an e-solution in O(LD% /e) iterations. Noting that one CG iteration requires one
gradient evaluation, we see that although CG does require asymptotically more gradient evaluations
for an approximate solution, it does not require any projections. Furthermore, it is also shown in

[9] that any algorithm which computes a solution zy, via

yr € Argmin(py, )
rzeX

xk € conv{yo, ..., Yk}

must make at least Q(LD% /e) linear optimization calls for an € solution, which makes CG an optimal
algorithm in some sense.

We cannot, however, conclude that CG is optimal among first-order methods for gradient
evaluations. In fact, we know from the NAGD upper bound that only (’)(\/ﬁg(/e) gradient evalu-
ations are required. It should also be noted that we include the D% here in the convergence result
since X must be compact in order for (2.2.1) to have an optimal solution. If one assumes compact-
ness in the previous section, similar diameter terms can be explicitly included. It remains to be
shown if one can design a projection-free method to compute an e-solution with both the optimal
number of linear optimizations as well as the optimal number of gradient evaluations. In 2015, Lan
proposed the Conditional Gradient Sliding (CGS) method in Algorithm 2.4 to answer this question
(see [10]).

Algorithm 2.4 Conditional Gradient Sliding (CGS)

Start: Select parameters v € (0,1], 7 > 0. Choose zy € X. Set yo := zg
for k=1,...,N do

2 =(1 = )Yk—1 + VeTh—1, (2.2.2)
z =CndG(V f(z1), Tr—1, Mk €k)
yr =(1 = )yk—1 + VhTk- (2.2.3)
end for
Output yyn -

The idea behind CGS is the following: NAGD provides us with a framework for solving (CO)
using an optimal number of gradient evaluations. If the projection subproblem can be addressed in
a projection-free way without any additional gradient evaluations, then such an algorithm would be

a projection-free method with the optimal number of gradient evaluations. Algorithm 2.4 simply
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Algorithm 2.5 Conditional Gradient for Projection Problems (CndG)

Initialize t = 1 and u° = u.
while true do
Compute v! such that

max (g+ Bt —u),v" —2) <0 (2.2.4)
EAS
If

méu)){((g + B —w),utt — ) <, (2.2.5)

terminate with vt = u*~!. Otherwise, set
ut = (1 —a)u'"! + alv

andt=t+1
end while

replaces xj with an approximate solution to the projection problem that is computed via a projection-
free method in CndG. Here, the CndG method in Algorithm 2.5 is a specialized variant of CG that
approximately solves the induced projection problem

min 6(x) := {g,) + > [}z — " (2.2.6)

There is, however, one issue to be addressed with CGS. If CndG computes a rough approximation
x) to the projection problem, then the iterates zy, zg, and y; will no longer resemble those of the
original NAGD iterates. Thus, CGS may require more gradient evaluations to compute a good
solution yy. On the other hand, if CndG computes a precise solution to the projection problem,
then we will need to do many CndG iterations and may potentially require more linear optimizations.

Lan provided the following parameter setting himself in [10] that addressed both concerns.

Theorem 2.2. If 8, v, and 7, in Algorithm 2.4 are set to

3L 3 LD?
= oy =—"  andm= —X _ Vk>1
ﬂk k+17'¥k I{/’+27an Nk k<k+1)7 —Z 4
then for any k£ > 1,
15LD?
e X
e e I F S F)

As a consequence, with properly chosen o, the total number of calls to the first-order and linear

optimization oracles performed by the CGS method for finding an e-solution of (CO) can be bounded
by O(y/LD?% /e) and O(LD% /) respectively.
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Thus, we conclude that CGS is optimal in both the number of gradient evaluations and linear
optimizations required. This idea of using NAGD as an algorithm template for only computing the
optimal number of gradient evaluations is a technique called sliding and was developed in 2010 by

Lan [11]. We will return to sliding algorithms Chapter 4.

2.3 Alternating Direction Method of Multipliers

We begin our final algorithm review with a more specialized problem class. For the rest of
this section, we will be considering problem instances of the form

F* .= gél)t{l f(z) + h(Az — b) (2.3.1)

where we introduce new constants A € R™*™ and b € R™ along with a Lipschitz continuous, but
possibly nonsmooth function i : R™ — R and assume that f : R™ — R is L-smooth. We also assume
that the projection mapping involving X and proximal mapping involving h are easy to solve, i.e.
(2.0.2) and

. P 2
nin_A(w) + 3 |lw— 2|

can be solved exactly with little computational cost. If we let F'(z) = f(z) + h(Ax — b), then the
above problem falls under the model (CO) with additional structure. However, this specific problem
class in (2.3.1) is of particular interest since it is equivalent to an affinely constrained optimization

problem

F* .= (mi)nHF(a:,z) = f(z) + h(z) where H:={(z,2) e X x Z | Kx —2=0}. (ACO)
x,z)€E

Here we introduce an extra variable z € Z C R™ to account for the linear operation Kz in the
original problem (2.3.1). Problems of the form in (ACO) have found numerous applications in
machine learning and image processing and are of specific interest. Specifically, the two-dimensional
total variation based image reconstruction problem arises in many settings. We will see this problem
in more detail in the numerical experiments for Chapter 4.

While problem (2.3.1) is equivalent to (ACO) with Z = R™, our analysis of problem (ACO)

can be extended to a general closed convex set Z. By studying the augmented Lagrangian formula-
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tion of (ACO), namely,
L(piuyv,w) = f(u) + h(w) + (v, Ku —w) + 2| Ku —w]?,

we can apply the classical alternating direction method of multipliers (ADMM) to solve (ACO).
The iterations of ADMM are described in Algorithm 2.6. In ADMM, the z; and zj steps minimize

Algorithm 2.6 Alternating direction method of multipliers (ADMM) for (ACO)

Start: Choose zg € X, yo € R™, and 2y € Z.
for k=1,...,N do

Compute
Tk :argen)l(in LU, Yr—1,2k-1), (2.3.2)
2k :ar%%lin Lo(xp, Yp—1,w), (2.3.3)
Yk =Yk—1 + p(Kx) — 2). (2.3.4)
end for
Output z .

the augmented Lagrangian £,(u,v,w) alternatively with respect to its primal variables. The y;
step is a dual ascent step on the dual of problem (ACO). First developed in [12, 13], the ADMM
described above can be understood as a two-block variant of the augmented Lagrangian method
(ALM) proposed in [14, 15]. There has been extensive study on the analysis of ALM and ADMM.
See, e.g., the monograph [16] and the references within for the review on ALM and ADMM. See
also [17, 18] and the references within for the convergence analysis of first-order method variants
of ADMM that uses gradient computations V f and linear operations (involving K and K ). It is
known that the rate of convergence of ADMM is on the order O((L + ||K|])/k) (see [19, 20]).
However, it is possible that the projection problem involving xj is not easy to solve even
under our assumption that X is easy to project to. Specifically, the optimization problem in the xy

iteration (2.3.2) is

xp = argmin f(u) + (K "yp_1,u) + gHKu — 211
ueX

The above problem is not necessarily easy to solve due to the function f(u) and the quadratic

term || Ku — 2;,_1]|?>. To avoid solving such sophisticated problems, one may consider replacing the
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troublesome terms with their linear approximations:
_ . T T Tk 2
oy, =argmin(V f(zx-1), u) + (K ye-1,u) + p(K " (Kzp-1 = 26-1), 1) + - [lw = 251
ueX

=argmin(V f(zx—1) + K (yp—1 + p(Kzp—1 — 2-1)), u) + %kHU — g
ueX

Replacing the xj step in (2.3.2) by the above approximation, we obtain a variant of ADMM com-
monly known as the linearized ADMM (L-ADMM). The linearized ADMM can be analyzed through

the oracle complexity theory with oracle
O(z,y) = (f(2), Vf(z), Kz, KTy). (2.3.5)

Here, we choose to include Kz and K7y in the oracle since those matrix-vector multiplications may
be computationally expensive. Each iteration requires one inquiry on the gradient V f(zx—1) and
one inquiry on the matrix-vector multiplications involving K and KT (note that it requires Kxj_;
and Kz in each iteration but Kzp_; can be treated as an inquiry that has already been made in
the previous iteration).

Some variants of linearized ADMM and their convergence analysis are studied in [17]. It is
proved that the aforementioned linearized ADMM has rate of convergence O((L + || K||)/k). More-
over, an accelerated linearized ADMM is proposed in [17] which has improved rate of convergence.
The key idea is based on the observation of the accelerated gradient method in (2.0.3)—(2.0.5) that
the introduction of convex combinations z; and ¥y, can improve the rate of convergence when mini-
mizing smooth convex functions. The iterations of the accelerated linearized preconditioned ADMM
proposed in [17] for solving problem (2.3.1) is described in Algorithm 2.7.

We will refer to Algorithm 2.7 as the accelerated ADMM (A-ADMM). It is proved in [17]
that A-ADMM has rate of convergence O(L/k* + | K||/k). Such a rate is better than that of the
linearized ADMM, especially when L is much larger than ||K||. The key differences between the
A-ADMM and the L-ADMM that contributed to the improved rate are the introduction of z; and
Yk, and the variable constants 0, 7, and pi (while in L-ADMM) 0, = 7 = pr. = p). The A-ADMM
can also be analyzed through the oracle complexity theory; in each iteration it requires one inquiry
on the gradient V f(z;) and one inquiry on the matrix-vector multiplications involving K and K .

With our previously defined oracle, we are now ready to review the efficiency of any first-
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Algorithm 2.7 Accelerated ADMM (A-ADMM) for (ACO)

Start: Choose zg € X. Set yg := g, yo := 0, and zy := Kxzg.
for k=1,...,N do
Compute

X =1 = W) Th—1 + MTr—1,

T =argr§in<vf(§k),u> + KT (ypo1 + Op(Kap_y — z5—1)),u) + %kHu — zp_1 |
ue

. Tk
2k Zafgfélln — (Yr—1,w) + h(w) + §\|K$Uk —wl?,
weR™

Yk =Yk—1 + pr(Kxp — 21).
T =1 — ) Tp—1 + Vup-

end for
Output yyn -

order methods for solving (ACO) that access information of the function f and the operator K
through the first-order oracle O. Under this oracle setting, L-ADMM requires at most O((L +
[|K1|)/¢) inquiries to O in (2.3.5) as was shown in [17]. It’s improved version A-ADMM, achieves a
better complexity with respect to the Lipschitz constant, namely O(y/L/e + ||K|| /). In addition,
a worst-case instance of (2.3.1) was designed in [18] such that any first-order method that calls O in
(2.3.5) will need at least Q(y/L/e + ||K|| /) inquiries for an e-solution. We can then conclude that

A-ADMM is theoretically unimprovable under our particular oracle assumption.
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Chapter 3

Universal Conditional Gradient

Sliding

In Chapter 2, we discussed a class of algorithms known as conditional gradient methods
for solving (CO) without the use of projections. These projection free methods were shown to be
optimal with respect to the number of linear optimizations required, and in the case of CGS in
Algorithm 2.4, also optimal with respect to the number of gradient evaluations. However, a key
assumption was that our objective function f satisfied the L-smooth inequality in (2.0.1). Also in
Chapter 2, we discussed methods of relaxing this condition. In this section, we attempt to combine
the two to design an optimal projection free algorithm which does not require the objective to be
L-smooth.

Let us restate our problem at hand. We study first-order projection free methods for com-
puting e-approximate solutions to convex optimization problems of the form (CO) where X C R” is
a high-dimensional compact, convex set, and f is a convex function that satisfies the Holder smooth-
ness condition (2.1.1). For the general case when v € (0, 1], universal methods have been developed
in [21, 22] that compute e-solutions with at most O((M, D3/ ¢)v) gradient evaluations of V f and
linear objective optimization subproblems solves. Focusing on the number of gradient evaluations of
V f required by the aforementioned projection-free methods, we can observe a significant gap with
the lower complexity bound in (2.1.3). For example, the number of gradient evaluations required

by the universal methods in [21, 22] is upper bounded by O(1/e%) when v = 1/3. This complexity
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is significantly worse than the lower complexity bound in (2.1.3) which is of order Q(1/e) when
v = 1/3. For the special smooth case (when v = 1), the number of gradient evaluations required by
the methods in [9, 23, 24] are upper bounded by O(1/¢) and is significantly worse than the O(1/1/¢)
lower complexity bound in (2.1.3).

The conditional gradient sliding technique discussed previously allows us to close the gap
in the gradient evaluations whenever v = 1. However, it remains to be seen if we can obtain the
O((M,D% /E)H%) complexity for gradient evaluations in the weakly smooth case. In this chapter,
we propose to close the remaining gap in the gradient evaluations of V f between its upper complexity
bounds in projection-free methods and the lower complexity bounds in (2.1.3). Specifically, we
propose a novel first-order projection-free method, namely the universal conditional gradient sliding
(UCGS) method, that is able to compute an e-solution of the problem (CO) without requiring
any projections or knowledge of the smoothness information (v, M,). The framework of UCGS is
built around that of the universal gradient and conditional gradient sliding methods in [7] and [10],
respectively. The outline of this chapter is summarized below.

First, in terms of gradient evaluations of V f or calls to the first-order oracle, the total
number of evaluations required by the proposed UCGS method for computing an e-solution is upper
bounded uniformly by O((M, DY /E)H'%) for any v € (0,1]. Such a bound matches the lower
complexity bound in (2.1.3). To the best of our knowledge, this is the first first-order projection-free
method that is able to achieve such gradient evaluation complexity bound uniformly for smooth and
weakly smooth convex optimization problems.

Second, the total number of calls to the linear optimization oracle required by the proposed
UCGS method for computing an e-solution is upper bounded uniformly by O((M, D3/ g)ﬁ) for
any v € (0,1]. Comparing with the O((M, D" /e)¥) result [21, 22] in the literature, the proposed
UCGS method has the same complexity when v = 1 and is significantly better for all v € (0,1).
For example, when v = 1/3, the UCGS method has a significantly better complexity of O(1/g?)
compared the O(1/&3) result in [21, 22]. Within the class of sliding-type algorithms following the
work of [10, 11], to the best of our knowledge, this is the first time a sliding-type algorithm is
able to improve not only the gradient complexity but also the overall complexity for computing an
approximate solution.

Third, the proposed UCGS method is able to achieve the aforementioned complexity bounds

without any knowledge of the smooth information (v, M, ) of the objective function. Therefore, it is
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a universal method that is able to solve weakly smooth and smooth convex optimization problems
with the best possible v € (0,1] and M, > 0. Note that in the special smooth case when v = 1,
the proposed UCGS method can be understood as an extension of the CGS method with additional
features for practical implementation. In such case, it has the same complexity results as the CGS
method and its backtracking linesearch edition in terms of both gradient evaluations of V f and
linear objective subproblems (see [25]). However, unlike the linesearch edition, by incorporating a
different backtracking linesearch strategy with a novel parameter choice, UCGS no longer require any
information on the continuity constant M;. UCGS also allows that all linear objective optimization
subproblems be solved approximately within certain accuracy while maintain the same complexity

results.

3.1 Conditional Gradient Sliding in the Holder Case

In this section, we analyze the conditional gradient and conditional gradient sliding meth-
ods under the relaxed Holder smooth condition. While CGS can already achieve better gradient
evaluation than that of CG for problems with Lipschitz continuous gradients, our result covers a
more general case of problems with Holder continuous gradients. Moreover, we also show a theo-
retical result that CGS can also achieve better complexity on linear objective optimizations than
that of CG when the Hélder continuity exponent v € (0,1). Such theoretical result is particularly
interesting within the class of sliding-type algorithms following the works of [10, 11]. To the best of
our knowledge, this is the first time a sliding-type algorithm is able to improve not only the gradient
complexity but also the overall complexity for computing an approximate solution.

Let us consider again the CGS algorithm in Algorithm 2.4 and make a few additional
remarks. First, in both Algorithms 2.4 and in the sequel, we refer to the operations between
increments in ¢ as an inner iteration and that of k as an outer iteration. To distinguish inner and
outer iteration descriptions, we use subscripts and superscripts to denote outer and inner iteration
indices, respectively. Second, the relation (2.2.4) in the CndG procedure allows for both projection-
based and projection-free implementations. For example, if we require 7 = 0, then the CndG

procedure solves a projection problem and the iterate x; computed by the procedure is an optimal
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solution to the projection problem

min 9u(2) == (Y (1), 1) + 2l — |

Consequently, CGS reduces to a version of Nesterov’s accelerated gradient method in Algorithm
2.1 (see, e.g., [2]).Third, if By = 0, then satisfying the condition (2.2.4) becomes a linear objection
optimization and it takes exactly one inner iteration for CndG to compute an optimal solution to
this subproblem. Note that by the description of v? in (2.2.4), v? is the optimal solution to the linear
subproblem. If instead we allow the right hand side of (2.2.4) to be nonzero, then we can study
practical implementation variants of CG that solve the linear objective optimization subproblem
approximately (see, e.g., [24] and the references within). However, we will focus on theoretical
analysis in this section; the approximate linear subproblem implementation will be discussed in next
section.

In this section, we show that the CGS method can be applied to not only smooth, but
also weakly smooth problems. An interesting discovery we make use of this section, is that the
use of sliding also reduces the total number of inner iterations, and consequently linear objective
optimizations when the Holder exponent v € (0, 1).

We now analyze the performance of Algorithm 2.4 under various parameter settings. We
begin by building a recurrence relation on the outer iterates. Such recurrence provides us a tool for

performing complexity analysis on CGS.

Proposition 3.1. Suppose that v € [0, 1] for all k£ in Algorithm 2.4. Then

Flye) — (L =) f(yk—1) — W f(z)

8
<y + Z5E (s = al|” = o — 2|]°) (3.1.1)
_ Bewk Myt

||$}c—$k71||2+ Hl‘k—.’L‘k,1||l+V, Vk>1,x € X.

2 1+v

Specifically, if v € (0,1) and By > 0 for all k, then

flyr) = (L =) fye—1) — W f(2)

BrVk
< + =5 (ks = al* = [l = 2|®) + &, k2 Lz € X,

(3.1.2)
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where

1+v

_1-w = Tk 1-v
fk~*72(1+y)Mu (m) : (3.1.3)

Proof. From the Holder condition (2.1.1) and the convexity of f we have

Fye) — (L= v) f(yr—1) — W f(x)

M, ,
<f(zx) +(Vf(2x), yx — 2x) + m”yk — 2|

— (L =) (f(z) + (Vf(2r)s yu—1 — 2x)) — W (f(21) +(V f(21), & — 21))

M,y

vk _ 1+v
T+ ek — 21"

=(Vf(2x), o6 — ) +

Here the last equality is from the definitions of zj and y; in (2.2.2) and (2.2.3) respectively. Noting

that xj is computed from the CndG procedure which satisfies (2.2.5), we have

me > (Vf(zk) + Br(zr — Tp—1), T — )

= (Vf(z), 26 — 2) + %(lek = wpl® + [l — 2] = loe—1 - 2]?)

for any x € X. Summarizing the above two relations we obtain (3.1.1). By Young’s inequality
(applied to the product of (Bryk/(1+v)) /2 ||z —ap 1 || and M, (yx/Br) /2 (14-1)~(=¥)/2
with exponents 2/(1 + v) and 2/(1 — v) respectively) we conclude the next result (3.1.2) from
(3.1.1). 0

In Proposition 3.1 above, there is a recurrence relation concerning weights (1 — 7). The

following notation is be used in the sequel for analyzing the complexity of CGS:

1 k=1

Ty (3.1.4)

Fk_l(l — ’Yk) k> 1.

We use the following simple lemma for analyzing the sum of recurrent terms.

Lemma 3.1. Suppose that {ax}, {bx} C R and {7} C [0, 1] are sequences that satisfy 71 = 1 and

ar < (1 —g)ag—1 + yebr, Vk > 1. (3.1.5)
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Then we have
k -
ar < T4 Z_; F—ibi, (3.1.6)

for all £ > 1.

Proof. Dividing both sides of (3.1.5) by I'y, we obtain a series of inequalities with telescoping terms.

Summing up we obtain (3.1.6). O

We are now ready to derive results on the complexity of CG as a special case of CGS.
Theorem 3.1 below is a known complexity result of CG for problems with Hélder continuous gradients

21, 22].

Theorem 3.1 (see also [21, 22]). Suppose that we apply CGS in Algorithm 2.4 with parameters
Br=0,m,=0, v =2/(k+1) to compute an e-solution to problem (CO) with Holder exponent v

and constant M,. Then CGS requires at most Ngraq gradient evaluations and Ny, linear objective

M, DY\ ¥
Nyjn = grad = @ (( R ) ) . (317)

optimizations, in which

g

Proof. Since v, = 2/(k + 1), by (3.1.4) we have T'y = 2/(k(k + 1)) and hence ~; /Ty = k. Applying

Proposition 3.1 and noting Lemma 3.1 with our parameter settings, we have for any x € X that

N

2M, 2 v y MVD1+V
fon) = 1@ < STy ,;k <k+1> oy — zp—a [T < O <NX> :

Thus, in order to obtain an e-solution, we require at most Ng,.qq outer iterations. Moreover, noting
that ! =1 and 8 = 0 in the CndG procedure, comparing (2.2.4) and (4.1.2) we observe that CndG
always terminates after one inner iteration. Therefore, the total number of gradient evaluations and

linear optimizations must both be upper bounded by (3.1.7). O

As pointed in the remarks after the description of Algorithm 2.4, CGS with S = 0 reduces to
a CG variant with the same convergence results. Therefore, Theorem 3.1 above provides a complexity
result for the CG algorithm applied to functions with Holder continuity exponent v € (0,1]. One
achieves similar results to Theorem 3.1 when choosing different «; (e.g., v, = 1/k; see [21] for other

choices of ~;). It should also be noted that the choice of nr = 0 does not affect the above analysis;
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indeed, with 8 = 0 and any 1 > 0, the CndG procedure always terminates after one inner iteration.
However, as we describe below, if 5 > 0, the choice of 1 will affect the number of inner iterations
performed by the CndG procedure before termination. The proposition below is a known complexity
result (see Theorem 2.2(c) in [10]) of CG for solving projection problems. For completeness, we prove

it later as an immediate consequence of Proposition 3.3.

Proposition 3.2. In the CndG procedure for computing an approximate solution to the projection

problem (2.2.6), if choose o = 2/(t + 1), then

63D%

‘min max (Vé(u!), v/ —z) < %, vt > 1.

7=0,....,t zeX

Proposition 3.2 provides insight on the number of inner iterations required by the CndG
procedure in Algorithm 2.5 to solve the projection problem (2.2.6) approximately. For example,
if we set mi, > 68,D%, then the CndG procedure always terminates after exactly one iteration.
Noting that ©® = u in CndG, we can observe that CGS reduces to CG not only when 3, = 0
(as stated previously in the remarks of CGS and after Theorem 3.1), but also when £ > 0 and
nk > 68k D%. The latter observation is important for our analysis: as described in the following
theorem, for problems with Hélder continuous exponent v € (0,1), the latter observation allows
us to perform a simple analysis of CG that is different from the current literature [21, 22]. Such
simple analysis leads to our interesting discovery that sliding could improve the complexity of linear

objective optimizations.

Theorem 3.2 (see also [21, 22]). Assume in (CO) that the Holder exponent v € (0,1). Suppose
that we apply CGS in Algorithm 2.4 with parameters 8 > 0, n = 68,D%, and o' = 1 in Algorithm

2.5. Then we have for any x € X that

N
£low) = §(@) <O 3 B2E 0208 + [l —al* — o — )
k=1 (3.1.8)

1 1 1+v

—v 2 e\
oY ()
Iy 2(1+v) <ﬁk>

Specifically, if we set 8, = M,v{ /D%{” and v, = 2/(k + 1), to compute an e-solution to problem

CO) with Holder exponent v and constant M,,, CGS requires at most N,..q gradient evaluations
g g

1
and Ny, linear objective optimizations, in which Ny, = Ngraa = O ((M,,D?” /) ”) )
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Proof. Applying Proposition 3.1 and noting Lemma 3.1, with our choice of 7, we have (3.1.8).

Consequently,

N 1+v
BewD% 1 1—-v 2 (%) 1=y
—fla) <ty SO EEEX L - Y = (2E) T wae 3.1.9
Flyn) = f(@) <y Pt Iy + Ty 2(1+v) Br ’ ( )

Substituting to (3.1.9) the values of B, vk, and noting Ty from (3.1.4), we have

M, D"\ SNk M, D:Hv
Flyn) = f(@) 30( o ); T (NX)

Thus, in order to obtain an e-solution, we require at most Ngy,qq outer iterations. Moreover, noting
that o' = 1 and n = 68D% in the CndG procedure, by Proposition 3.2 we observe that the
CndG procedure always terminates after one inner iteration. Therefore the total number of linear

optimizations is upper bounded by Ny, = Ngrqd- O

In the above theorem, we observe an imperfection by in the derivation from (3.1.8) and
(3.1.9), although we obtain the same complexity result of CG as in Theorem 3.1. Specifically, due
to the existence of the dominant term D3, we can only simply bound the telescoping difference
(l|x—1 — z||> = ||z — z]|*) by D% to obtain (3.1.9). As a consequence, even if we attempt to choose
the best B = O(M,~¥/D% ") to minimize the right hand side of (3.1.9), the complexity result
remains to be O ((MUD§(+”/E)%). Noting that the imperfection we observe is due to the choice
that 7, = 68, D%, we may choose a smaller 7, setting to improve the complexity results, as stated

in the theorem below.

Theorem 3.3. Assume in problem (CO) that the Holder exponent v € (0,1). Suppose that we

apply CGS in Algorithm 2.4 with parameters

M’/k 1—231/
Br =

68x D% 2
D%(_l, y Nk L , and vk k+1

Then, to compute an e-solution to problem (CO) with Holder exponent v and constant M,,, CGS

requires at most Ngraq gradient evaluations and Ny, linear objective optimizations, in which

2 4
MVD1+V T+3v MVD1+V 1+3v
Nyad = O <<€X> ) and Ny = O ((EX) ) .
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for any v € (0,1).

Proof. Since v = 2/(k + 1), we have I'y = 2/(k(k + 1)) and hence v, /Ty, = k. Applying Proposition

3.1 and noting Lemma 3.1, with our choice of parameters

2 & k
Flom) = 1(0) <53y D009 + 55 (Il ol = e =)
€k
+ Fk, Vee X

Noting that kS is increasing, we have

N
Sk (|1 — 2> = llax — 2|
k=1

N

=Billwo — @l + D ((k +1)Brsr — k) ax — 2||* = NBn [lan — ||
k=1
N

<AD% + Y ((k+1)Brs1 — kBr) DX = Ny D
k=1

Combining the above two relations and noting our choice of 8j and the description of & in (3.1.3)

we have

2
M, DYV N s L kEom
flyn) = f(x) <O <X> SEEANT LY S| Ve e X, (3.1.10)

Thus, to obtain an e-solution, we need at most Ng,qq outer iterations, or equivalently, at most Ngrqq
gradient evaluations. Also, from Proposition 3.2, if ny = 63, D% /k, then we perform at most k inner
iterations per outer iteration. Thus, the total number of inner iterations and consequently linear

objective optimizations is upper bounded by

Ngrad 1+v 1+43V

M, D
5oz -o (M2 ™)
k=1

The proof is now complete. O

Note that by the choice of n; and Proposition 3.2, Theorem 3.3 provides a complexity result
for a version of CGS with the sliding feature for solving problem (CO). Comparing Theorems 3.2

and 3.3, the key difference in the proofs is the additional 1/k factor in 7 in Theorem 3.3. With
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the additional factor, the three terms at the right hand side of (3.1.10) are of the same order with
respect to N, resolving the imperfection we noticed previously in (3.1.9) in the proof of Theorem 3.2.
In doing so, we achieve the optimal lower complexity bound of gradient evaluations (2.1.3) for first-
order methods. Interestingly, we can discover that the number of linear optimizations required in
Theorem 3.3 is also significantly reduced comparing with that in Theorem 3.2, since 4/(1+3v) < 1/v
for all v € (0,1).

It should be noted that we exclude the case v = 1 case in Theorem 3.3 only for convenience
of our analysis, since our focus in this section is mainly the theoretical analysis on improving the
state-of-the-art complexity bounds [21, 22] when v € (0,1). By slightly modifying the proof of
Theorem 3.3 we can also achieve the same complexity results as the state-of-the-art in [10]. We
include the v = 1 case in the convergence analysis of practical implementation in the next section.

We conclude this section with several comments regarding the implementation of CGS in
Algorithm 2.4. Note that the sliding result shown in Theorem 3.3 requires a parameter choice
B that assumes the knowledge of Holder exponent v € (0,1) and constant M,. Unfortunately,
the knowledge of the best v and M, for the performance of CGS may not be easily accessible in
practice. Furthermore, the proposed Algorithm 2.4 has no termination criterion for verifying whether
the current approximate solution yj is an e-solution. Lastly, there may exist problem instances in
which a solution v? to the linear subproblem (2.2.4) cannot be computed exactly and instead we
can only compute an approximate solution. In the next section, we propose an algorithm called
universal conditional gradient sliding (UCGS) that utilizes a backtracking linesearch scheme with
an implementable stopping criterion to achieve better practical performance than Algorithm 2.4.

We also analyze its convergence under an approximate solution to linear subproblem (2.2.4).

3.2 The Universal Conditional Gradient Sliding Method

In this section, we propose a practical universal conditional gradient sliding (UCGS) method
that addresses the above issues of CGS. The proposed UCGS algorithm is described in Algorithm

3.1.
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Algorithm 3.1 Universal conditional gradient sliding (UCGS) method

Start: Choose tolerance € > 0 and initial iteration zg € X. Set yg = xo.
for k=1,2,...,do
Decide Lj > 0 such that

Flok) < F) + (TR 0k — 26) + 2l — 24l + S

where

1, k=1
Vi = 2

positive solution to I'_1(1 — %) = L’“%, kE>1
2= (1= v)Yk—1 + MTh—1
zg = ACndG(V f(2k), Tk —1, Bk 1K)
Yk = (1 = Y)yr—1 + V6T

Ly
Ty = .
k k

Compute an approximate solution s; to the problem

k
. . Vi _ _ _
min L (z) =T 1 T, (f(z:) +{(Vf(zi), & — 2))

i=
such that £ (sg) — minge x £ (x) < . Terminate and output yj as an approximate solution if
Fyk) — Lr(sk) +ex <e.

end for

procedure ut = ACNDG(g,u, 8,7)
Goal: Compute ut such that max,ex(Vo(ut),ut —z) <n, where

B 2
0(w) 1= (g,3) + e — ul®
Start: Set u® = u.
fort=1,2,...,do
Compute a §*-approximate solution v? to the problem minge x (Vo(ut~1),z) such that

(9-+ But ™" —w), ") = minfg+ B’ —u),a) < 4.

Terminate with w1 := ut~1 if
(g+ B! —u),u' "t —o') + 6" <.

Otherwise, compute ut = (1 — af)ut=1 + atot.
end for
end procedure

(3.2.1)

(3.2.2)

(3.2.3)
(3.2.4)
(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)
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Let us make a few remarks regarding Algorithm 3.1. First, the approximate conditional
gradient method (ACndG) procedure in Algorithm 3.1 is a generalization of the CndG procedure
discussed in the previous section. Specifically, whenever §* = 0, ACndG and CndG are equivalent.
Note also that an appropriate choice for parameter o’ can be computed through an exact linesearch,

namely,

d;mm{1ﬁ95@“twﬂﬁ1”§}. (3.2.12)

Bllvt —ut=1?

It is easy to observe that the above af is the optimal solution to the exact linesearch problem
mingeo1] ¢((1 — @)ut~* + aw'). Second, if the objective function f in problem (CO) has Lipschitz
continuous gradient (so v = 1) with Lipschitz constant M;, then UCGS can be understood as
extension of CGS with added features for practical implementation. The new features include a
backtracking linesearch strategy that computes adaptive estimates Ly for the Lipschitz constant My,
the possibility of computing only approximate solutions to linear subproblems, and a termination
criterion for verifying whether an approximate solution to problem (CO) has been computed. Third,
the choice of v, and Iy, in (3.2.6) and (3.2.2) implies that (3.1.4) holds.

Furthermore, it can be shown that for & > 1, the solution to (3.2.2) is given by

NV

- \/4Lk + klp_1 + \/k‘Fk_l ’

Yk

Observe that v, € (0,1). Consequently, the recursively described approximate solution yj is the
convex combination of z1,...,x,. Also the point z; for gradient evaluation is a convex combination
of x1,...,x_1. Such recursive description first appeared in Nesterov’s seminal accelerated gradient
algorithm (see, e.g., [2]) and is also used in the CGS algorithm [10] and the universal gradient
algorithms studied in [7]. However, our choice of 74 is novel and is different from the ones in
[7, 10, 2]. In fact, to our knowledge, none of the settings of -, in [7, 2, 10] are suitable for CGS-
type algorithms with adaptive Ly. In the only previous work [25] that successfully developed a
linesearch scheme for CGS, ; needs to satisfy a more sophisticated cubic equation and Ly needs to
be monotone increasing. As we describe below, such monotonicity restriction on Ly is removed in
our proposed UCGS method.

A few remarks on the practical implementation of Algorithm 3.1 are also in place. First,
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Algorithm 3.1 proposes that we find Ly > 0 such that (3.2.1) is satisfied. The condition (3.2.1)
originated from the framework of inexact oracle in [26] and is also used in [7]. We proposed to
search for such L, through the same backtracking linesearch strategy in the discussion surrounding
Algorithm 2.2. Through this backtracking linesearch strategy, we ensure that our choice of Ly
is adaptive and that performance is independent of the choice of Lg. Previous literature [25] on
backtracking linesearch strategy of CGS require monotonicity of L, and may suffer from a poorly
chosen L. Second, our termination criterion is based on (3.2.8). We can observe immediately that if
the parameter g, = 0, i.e., s is the exact solution to problem (3.2.7), then when (3.2.8) is satisfied,

yx will be e-approximation solution to problem (CO). To see this, note from (3.1.4) that

k
.y % =1 (3.2.13)
i=1 "

and consequently

flyn) = " < flyr) — af}fg)f(lgk(lf) = flyr) — Cr(sk)-

Such termination criterion also appeared in the previous literature (see, e.g., [7, 25]). For the case
when ¢; > 0, we show later in Theorem 3.4 that allowing approximate solution s; with properly
chosen accuracy e will not affect the complexity results of UCGS.

We present convergence analysis for the UCGS algorithm proposed above, beginning with
some results on the inner iteration complexity. The following lemma resembles a combination of
the proofs of Theorem 2.2(c) in [10] and Theorem 5.2 in [24] on the analysis of conditional gradient

method with approximate linear objective optimization subproblems for solving projection problems.

Lemma 3.2. Suppose that A' € [0,1] is any predetermined sequence satisfying A' = 1. In the

ACndG procedure, if ! is chosen such that

P(u') < (1= X)u'H + X, vt > 1, (3.2.14)
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then we have

W J=1y ,5—1 1 N J J*lj 1>‘Z g
Zﬁgng(u ), u z) < 5+ZE F NN 6
Jj=2 j=2 =1
. 1
BD% SN e ()
1 — | M+ A
+= +ZA] N+ X
J:Q =1
for all ¢ > 2, where
1 when t =1
Al = (3.2.15)

A1 =AY when ¢ > 1.

Proof. Observing that the function ¢(z) in (3.2.9) is a strongly convex function with Lipschitz
continuous (with constant ) gradient, using the assumption (3.2.14), and noting the definition of

approximate solution v* in (3.2.10), we have

Blu) — (1= N)o(u'™) = N(o(u! ™) + (Vo(u' 1),z — ul 1))
<O~ At~ Xt) = (™) = XVt e - ut )

B(At 2

S)\t<v¢(ut—1)7vt _ ut—1> + ) Hvt _ ut—1||2 _ )\t<v¢(ut—1)7x _ ut—1> (3.2.16)

2
)\t 2
=NV ™) 0t — ) + '8(2 Dot —
2 t)2
<N\t 4 %, Voe X, t>1.

Defining z* := argmin,c x ¢(z), from the above relation we have for any ¢ > 2 that

— J zeXx
<30 6 = 0(a”)] - 5 [6) — 6] + 3567 + 2 .
—Iou!) — ()] — 47 [6(u) — 9(a°)] (3.2.17)
LN i 2 (\)2
+ 3 o) - ota)] + 2o + LPXS
j=2
S[d)(ul) — ¢(z*)] + Z LZM)(“]*I) P(a*)] + %(W + BD;/L)\J)
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Here in the equality we use the following observations from the definition of A in (3.2.15): 1/Al =1
and 1/A9 = 1/A~1 4+ N /A7 for all j > 2,
To finish the proof it suffices to bound ¢(u/~1) — ¢(x*) for any j > 2. Observing that ¢(z)

in (3.2.9) is strongly convex and quadratic with

§ |2 = u'H|* = p(z) — (@(u' ™) + (Vo(u' ™),z — ut™1)), Vr e X,t > 1,

we have from (3.2.16) (with x = 2*) that

BDX(A)? A

=12
5 2x*u”.

[p(u') = ¢(a™)] = (1 = A)[p(u'™") — d(2™)] < N'6" +

Applying Lemma 3.1 to the above recurrence relation and ignoring negative terms at the right hand

side, we have

We conclude the lemma immediately by applying the above bound to (3.2.17) and rearranging

terms. O

The complexity result of the above lemma depends on a predetermined sequence {\'}. In

the proposition below, we provide a complexity result from an example choice of {\!}.

Proposition 3.3. In the ACndG procedure, at termination we have

ma.

max (Vo(ut),ut —x) <n. (3.2.18)

Moreover, if 6 = ¢3D% /t for certain o > 0 and o is chosen such that

t—1 2
p(ul) < ¢ (Hlutl + 1vt> , (3.2.19)
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then we have for any ¢ > 1 that

min (VoY) — ) < min  max (V(uw 1), u/ " — z)

G=1,...t+1 j=1,.t+1 z€X (3.2.20)
_6(c +1)8D% o
— t .
Specifically, it takes at most
D2
T:=1+ W“LG)/BXW (3.2.21)
n

iterations for the ACndG procedure to terminate.

Proof. From the definition of the approximate solution v! in (3.2.10), if the termination criterion in
(3.2.11) of the ACndG procedure is satisfied, then the output u™ = u!~! satisfies

max(Vo(u'™h), u'™" — ) = max(Ve(u' ), u' " =) + (Vo(u' 1), 0" — )

FAS FAS

<(n-0)+0" =n

Therefore (3.2.18) holds. To conclude the proposition it suffices to estimate the rate of convergence
of

t—1y =1 _
glea%(qu(u ) u x).

To analyze the rate, let us choose \' = 2/(¢ + 1) and apply Lemma 3.2. Then A* = 2/(¢(t + 1)) and

= zeX
! i 8D o2 9 1% 9
<gBD?% |1 1+—M 1 X 1
oBD% |1+ |1+ 1 > Ty +Z<]+1 j—lzz+1>
j=2 =1 j=2 =1
D2
<oBD% (3t —2) + ”BQX(thES), Vi > 2.
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Noting that Z;ZQj = (t+2)(t —1)/2, we have
2 t
: G=1y =1 o\ < ;. G=1y =1 _
i iy (Vo)™ —a) STy 20 maglele T =)
6o+ DBD% 5
t—1 7T

Using the above result and observing that

; j—1 J=1 _ 0\ < ; Jj—1 Jj—1 _
j_min  (Ve(u'™), u v) <, _min  max (Vo(u' ™), u x)

< . j—1 Jj—1 _ >
< _foin  max (Vo(u! ™), u x), Vt > 1

we conclude (3.2.20). Moreover, from (3.2.20) and noting the choice of §%, the termination criterion

(3.2.11) holds whenever

2 2
6(c ‘t’"_l)lﬁDX I Uﬁ?x <n

Noting the definition of 7" in (3.2.21), the above condition clearly holds for all ¢ > T'. O

In the above proposition, ¢ > 0 in the definition of §* is a parameter related to the accuracy
of approximately solving linear objective optimization subproblems. Note that there may also exist
other possible choice of 6°. For example, similar complexity result can be derived by choosing §* = on.
The benefit of our proposed choice §' = o3D% /t from the perspective of practical implementation
is that it allows adaptive error of the approximate solution v to the linear subproblems and larger
error can be admissible when ¢ is small.

As a side note, recalling that ACndG procedure reduces to CndG procedure in Algorithm
2.5, we can observe that Proposition 3.2 in the previous section is a direct consequence of the above

result:

Proof of Proposition 8.2. Noting that the CndG procedure described in Algorithm 2.5 is equivalent
to the ACndG procedure with 6° = 0, applying Proposition 3.3 above with of = 2/(t + 1), we

conclude the proposition immediately from (3.2.20). O

From the above two proofs, it is clear that Proposition 3.3 is different from Proposition

3.2 in the previous section, since it shows us that we can compute an approximate solution, rather
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than an exact one, to (3.2.10) and proceed with the convergence analysis. We will eventually utilize
Proposition 3.3 to establish an upper bound on the number of inner iterations that Algorithm 3.1
requires to compute an e-solution. We now continue on to the outer iteration analysis, starting with
a few results that establish the relation between our computed Lj in the linesearch scheme and
the underlying Holder exponent v and constant M, in (2.1.1). We use the following lemma that

appeared in [7].

Lemma 3.3. For any § > 0 and any L such that

1—v

L>(1V'1)1+VM,,“2’”,
“\1l14+v 7T

where v and M, are the Holder continuity exponent and constant in (2.1.1), we have

L T
F@) < @)+ (Vf(@),y —2) + 5 ly— 2|’ + 5, Yry € X. (3.2.22)
Proof. See Lemma 1 of [7]. O
1—v
Note that for v = 1, the term (%;—5) " can be handled using a continuity argument

1—v

lim,,_q (%) "™ = 1. We state an immediate corollary of the above lemma below.

Corollary 3.1. Any Lj > 0 chosen by Algorithm 3.1 according to (3.2.1) must also satisfy

1—v
1—v 1)”" 2

Lk§2< — M)
1+v ey

Proof. Suppose that L does not satisfy (3.2.22). Then applying Proposition 3.4 with 7 = e
implies that Ly /2 satisfies (3.2.1), contradicting the fact that Ly was chosen at step k following the
proposed backtracking linesearch implementation (see the remark on practical implementation after

the description of Algorithm 3.1). O

The above result is an immediate consequence of the backtracking linesearch strategy we
use to find a suitable Ly that satisfies (3.2.1). Based on the above result, we can estimate a bound
of Liv; in the proposition below. Recalling that I'y, = Ly~i/k from (3.2.6) in Algorithm 3.1, the
following lemma provides also a bound of 'y that is important for the outer iteration complexity

analysis.
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Lemma 3.4. Let Ly > 0 be chosen by (3.2.1) of Algorithm 3.1 at step k, then

2

L2 < C, M,
KV S Tigsy 1w
kTt eT+v

where

1430

1—v
1420\ T (1— 0\ T a0
c, ::( + ”) ( ”) R (3.2.23)

1+ 3v 1+v

is a constant depending only on v.

Proof. The case when k = 1 is immediate from Corollary 3.1. Therefore, throughout the proof we
assume that k > 2. Since we set I'y, = LyvZ/k in Algorithm 3.1, we can prove this proposition by
bounding I'y. Set s := (1+v)/(1+3v). Since v € [0, 1], we have s € [1/2,1]. We study the quantity

1/T'3 —1/I'%_,, which can be rewritten as

Ts s - 11_ + 11_
k k—1 Iy~ ry=s
U U WY 6 VI ROIR A VIR i
Ty Tr-1 e \ k-1 Pr-1 Ty
- 1 1
— + ==
Ty L3

Here, noting from the relation of 'y, and I’y in (3.1.4) that I’y < I'y_; and recalling that s € [1/2, 1],

we can make two observations. First, we have Fi‘g_l < Fis__ll, and hence

1 Ty \° 1 I‘k_l)s
. + > 0.
'y (Fkl) | Ry < 'y

Second, we have I’};S < Fll;sl, and hence

1 n 1 2
1—s 1-s — pl—s-~
Ijk Iﬂk——l Ijk

Combining the above two observations and recalling that s = (1 4+ v)/(1 + 3v) and the relations

concerning I'y and T'x,_; in (3.1.4), we have that

R it = - i
e s it VRS (3.2.24)
A E—1 = s 2
k k
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We can further bound the last expression in the above relation. Indeed, recalling that 'y = L;ﬂ% /k

and applying Corollary 3.1, we have the inequality

1—v
7,3 1 1 14+v 1+v
—_ = 2> 5 *EVk .
kl_‘k Lk oMY 1—v

In the above recall that we can use a continuity argument for the v = 1 case since (1 —v)~(1=) — 1

as ¥ — 1. Rearranging terms in the above relation, we have

1—v 1— 1
14w 14+ v\ 1TF3w 51+3l;k14:rsuu
'Ykzr RSN
k 1—v

2
14 ==
2130 MIF

Applying the above bound to (3.2.24), it follows that

1—v 1—v _ 14w

T <1+1/> T ot i
s s - _ 244y —2_
Fk Fk*l 1 14 92T ¥30 Myl+31/

Summing the above from ¢ = 2 to k and using the fact that

k k
E:ﬁﬂ;z/‘m%am:1+3V.@%%_¢)zl+3m;ﬁ;szg
; 1 2 +4v 4+ 8v

and the definition of C,, in (3.2.23), we obtain

Iy~ T T5°

1—v

1—v 1w
1 1 1 1+ v\ 1+ e1+3v 1+ 3v. 2440
= = ( ) 4+10v =142 ferssy
2 M + 2v

14+3v

Recalling that s = (1 +v)/(1 + 3v) and Ty = Li~i/k, we conclude the proposition immediately

from the above result. O

It should be noted that the technique utilized in Lemma 3.4 is similar to that of the proof
surrounding equation (4.4) in [7]. However, note that the choice of parameter 7 in UCGS is different
from the one in [7]. Therefore, the proof in [7] needs to be adapted to the above proof. With the
help of Lemma 3.4, we are now ready to prove our primary convergence properties on the proposed
UCGS algorithm. We start with the following proposition that resembles the outer iteration analysis

in Proposition 3.1 of the previous section.

Proposition 3.4. Suppose that the parameters in Algorithm 3.1 satisfy 8y > Ly for all k. Then
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for any z € X,

k k
€ ViBi ( 2 2)2 Vi
@) <E4T —zia|? = ||z — 0, S 2
$00)  t0) < 5 T 3 30 (e il e ) 4 3

i=1

Proof. Fix any x € X. From the definitions of ¢;(z) and yi in (3.2.1) and (3.2.5) respectively, we

have

k
Fikfk(x) = Z Fi (vif(zi) + 7V f(2i), . — 25) + (V[ (2),vi(zi — 21)))

)

k
=3 o () + (VG = ) + 2 (V)= )

L=
T

(f(zi) +(Vf(zi), i1 — 2i))

We now bound three terms in the above relation. First, by convexity of f,

—(f(z) +(Vf(2i), i1 — 21)) = —f(Yi-1)-

Second, by our choice of Ly in (3.2.1) and the definitions of y; and zj in (3.2.5) and (3.2.3) respec-

tively, we have

Li
F) + (VF i)y = 2 2F () = = Ny = 2P = S

Liv? €
=f(y:) — 12’ ||z — zia])* = PR

Lastly, using the result (3.2.18) in Lemma 3.2 and noting the definition of ¢(x) in (3.2.9), we obtain

the following result during the termination of the ACndG procedure in computing z;:

(Vf(zi), 0 —x;) > Bi(wi — xim1, 5 — ) — 04
7 2 2 2
== S (e = mial® = llos = mia | = llo = 2l *) = s
. 12
> =5 (o= aicall® = llo =2l *) =i+ 2z — i

In the last inequality above we use our assumption that 8x > Lg~y for all k. Based on the above
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three observations and rearranging terms we obtain that

k
pu(@) 2 3 1 () = (=30 loim) = 2 = i o =)
- F% (%%‘ +'Yi"7i)

k
~ flyw) Vi Bi 2

x>

Here in the last equality we use the relations (3.1.4) and (3.2.13) and the fact that v4 = 1 in its

definition (3.2.2). We conclude the result by multiplying by Iy and rearranging terms. O

With the help of Propositions 3.3, Lemma 3.4, and Proposition 3.4, we are ready to present

the complexity results of UCGS in the following theorem.

Theorem 3.4. Suppose that we apply UCGS described in Algorithm 3.1 with parameters

Ly D% oLyvi D%

Br = Lpvk, mk = — and g, = — (3.2.25)

and o! in (3.2.12) and §' = 03D?% /t in the ACndG procedure, where o > 0 is a parameter related to
the accuracy of approximately solving linear objective optimization subproblems. Then Algorithm

3.1 terminates with an e-solution after at most N, outer iterations where

2
1tv 14+v\ T+3v
M, D
Niter = 16<(3+U) : X >

3

As a consequence, the total number of gradient evaluations and linear objective optimizations
performed by UCGS to find an € solution of (CO) can be bounded by O((M,,D}J”/s)ﬁ) and
O((M, D /e) e ) respectively.

Proof. From the definition of s in Algorithm 3.1, we have that if the termination criterion of
UCGS in (3.2.8) holds, then yj is an e-solution to problem (CO). Let us evaluate the number of
gradient evaluations, or equivalently, the number of outer iterations of UCGS in order to compute

an e-solution y. Applying Proposition 3.4 with our choice of parameters we have

k
r
7’6 > i(lle = wial)? = |lz — @il |*) + TwkD%, Vo € X. (3.2.26)

=1

flyk) — li(z

M\(“)
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The second term above can be further simplified by noting from the compactness of X and the

definition of the diameter Dx in (1.0.1). Indeed, we have

i (llz = il = 2 — @ill?)

i=1
k
=le = ol + Y (i — (i = 1)) le = zial|* — k[J2 — x| (3.2.27)
=2
k
<D%+)> D% = kD%, Vz € X.
1=2

Thus, we may continue by applying (3.2.27) to (3.2.26) with x = s; to conclude that

r 3L
+ 5 kD% + TphDY = & + 2220k

3

2

flyr) = Li(sk) < D%.

Here we make use of the description of T'y, in (3.2.6) for the last equality. In view of the above result
and the value of parameter ¢, in (3.2.25), yi satisfies the termination criterion (3.2.8) of UCGS and
hence becomes an e-solution whenever k satisfies the relation (3+U)Lk7,%D§( < e. Applying Lemma

3.4, it follows that such relation holds whenever

2 2
D% M, S UM, DY\ T
BHo)C DM e k> optt (BEo) T MDy .
k1tv ¢T+v IS

Noting that C, defined in (3.2.23) is a constant that depends only on v € [0, 1] and observing that
C’l% < 16 for all v € [0,1], we conclude that whenever k > Niter, Y is an e-solution.

To compute the total number of gradient evaluations required, note that each outer iteration
of UCGS requires us to search for a valid Ly before proceeding. From the discussion following
Algorithm 3.1 regarding how to find a valid Lg, let iy denote the number of times that we set

L = 2Lj on iteration k before a valid L is found. Since the validation of each L; requires a

gradient evaluation, the total number of gradient evaluations of UCGS is

Niter
Ngrad == Z 1+ ip. (3.2.28)
k=1
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k_ Thus,

-1

Noting from our linesearch strategy that L, = %2““ Lj,_1, we have that i, — 1 = log Li

Niter Niter
Ngwaa = ) 1ix = ) 2+ log L —log L1 < 2Niter +10g Ly,
k=1 k=1

It suffices to show that the logarithmic term above is indeed negligible. Using Corollary 3.1, we have

that

log L, < log

1_V.L %M”%
1+v ey v
1—v 1 1 2
< I - I — log M,
- +V<Og(s)+ Og(7k>)+1+y )

since (1 —v)/(14+v) <1 for v € [0,1]. To handle the 1/4; term, noting that since the termination

(3.2.29)

—_

criterion in (3.2.8) is met whenever (3 + o)LgyiD% < &, we have that

19
L2 < ——
ke = (34 0)D%

upon termination. Thus, by running Algorithm 3.1 with the stopping criterion in (3.2.8), we can be

sure that
€
L > g
(34 0)D%

We can use the above inequality to then derive

1 1 3 D2 1

log () < = log (W‘) + = log Ly, (3.2.30)
Yk 2 3 2

Applying (3.2.30) to (3.2.29), we obtain

2(1—-v) 1 1—v (3+0)D%
log L < ——=1 - 1
08k = 1+3v og<8)+1+yog( € *

4
log M,
14 3v 08

which is independent of k. Thus, we have that, up to a negligible logarithmic term, UCGS requires
O((M, DY /E)H%) gradient evaluations of f to compute an e-solution.

It suffices to compute the number of linear objective optimizations that UCGS requires for
computing an e-solution. Let us estimate the maximal number of inner iterations required before

the termination criterion (3.2.11) is satisfied. Recall from the remark after (3.2.12) that o' is the

41



best linesearch parameter and hence satisfies assumption (3.2.19) in Proposition 3.3. Applying
Proposition 3.3 and noting the definition of approximate solution v! in (3.2.10), we have that the
maximal number of linear objective optimizations performed at the k-th call to the ACndG procedure

is at most
(70 + 6)8: D%

Tk::1+’7
Mk

W =1+ [(To + 6)k].

Noting that there is a total of 1+ (1 + 45 )T} linear optimizations in the k-th outer iteration, we can

compute the total number of linear optimizations to be

Niter Niter
Nin = Y 14 1+ )Tk < Nier + T, > (1 + i)
k=1 k—1

since T}, is increasing in k. Applying (3.2.28) to the above, we have

Nlin S Niter + TN;te,.Ngrad
Since Ty = O(N), we conclude that Ny, = (’)((M,,D;”’/E)ﬁ). O

We conclude this section with a few remarks on the above complexity results of UCGS.
First, we note that UCGS is similar to the Fast Gradient Method presented in [7] in the sense
that the number of gradient evaluations generalizes the accelearated gradient descent method in [2].
From Theorem 3.4, number of gradient evaluations required by UCGS to compute an approximate
solution is O((MVD;”’/g)H%). In the smooth case when v = 1, this becomes O (\/m)
which matches the complexities of gradient evaluations in [7, 2]. Second, unlike FGM that requires
exact solutions to projection subproblems, we have a bound on the number of linear objective
optimizations required to solve the projection subproblem (3.2.4). From this perspective, UCGS is
a generalization of CGS in [10] as a universal method that covers not only the smooth case (when
v = 1) but also the weakly smooth case (when v € (0,1)), without requiring any knowledge of Holder
exponent v and constant M,, . Indeed, when v = 1 our complexity on the number of linear objective
optimizations is on the order of O(M;D% /e), which matches the that of CGS in [10]. Third, the
number of linear objective optimizations and gradient evaluations when CG is applied to (CO) was
shown to be O ((M,,DH‘”/E) %) in [21, 22]. In view of Theorem 3.4, UCGS benefits from sliding and

l2 a4
only requires O ((MVDH"’/E) 1+3”) gradient evaluations and O ((MVD1+”/5) 1+3”) linear objective
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optimizations which are both improvements over the results in [21, 22] whenever v € (0, 1]. Fourth,
our proposed UCGS method is not only a universal method generalization of the CGS method.
Indeed, there are more features added for practical implementation: it has an implementable exit
criterion and allows for an approximate solution to (3.2.10). Note that such added features of the
UCGS does not affect its theoretical complexity. Finally, we use the same accuracy constant o for
approximately solving the linear subproblems in setting the parameters e, and 6. It is easy to

change the proof if we use different accuracy constants for 5 and §°.

3.3 Numerical Experiments

Our goal in this section is to present preliminary results from our numerical experiments.
We compare the performance of our proposed UCGS algorithm with that of the CG method for
Holder smooth objectives in [21] in two numerical experiments described below. The experiments
are performed using MATLAB R2018b.

In the first experiment, we consider the problem

min  f(x) = ||Az — by

z€conv(V)

with V' = {v1,...,0,} € R" conv(V) := {z € R" : 3N € Ay stz = 30 Nivg}, and A =
{AeRP:>P N =1,\ > 0} is the standard simplex. In this experiment, we generate vectors
v; uniformly in [0,1]”. The matrix A € R™*™ is a Gaussian randomly generated sparse matrix
with density d. For this experiment, we fix the number of vectors in the set V to be p = 500 and
set m = 2n. The linear objective optimization subproblem is a linear program over the standard
simplex and can be computed easily.

For our second experiment, we solve the problem

X €Spe,,

min  f(X) = [|X — A,
=1

where Spe,, := {X € R™™" : tr(X) = 1, X > 0} is the standard spectrahedron and A; € Spe,, for
each ¢ = 1,...,m. The matrices A; are obtained by randomly generating an n X n matrix whose
entries follow uniform [0, 1] distributions and then projecting it into Spe,. The linear objective

optimization problem over Spe,, is equivalent to a smallest eigenvalue problem, which is solved by
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MATLAB’s eigs() function. Note that a solution to the smallest eigenvalue problem will not be
exact, and therefore we benefit from being able to solve the linear subproblems approximately.

In our experiments, UCGS terminates whenever an e-solution with tolerance ¢ = 1073 is
computed. We terminate CG when its computational time exceeds twice the amount that UCGS
spent before termination. Note that both models in the experiments have nonsmooth objective
functions, but are still differentiable at many feasible points. Therefore, they may benefit from a

universal method for v € (0, 1].

UCGS CG
n d | GE LO Time Error Iter Time Error

2500 0.2 | 66 2690 6.71  9.945e —4 | 572  13.42 9.7086¢l
2500 0.4 | 60 3679 9.08 9.976e—4 | 524 18.17  1.404¢e2
2500 0.6 | 62 245 2.64  9.678e —4 | 146 5.29 5.598¢2
2500 0.8 | 57 3176 8.45 9.768¢ —4 | 399 16.93  2.400e2
5000 0.2 | 71 286 713  9.882¢—4 | 178 14.32  6.037¢2
5000 0.4 | 42 52 4.89 9.585e—4 | 84 9.81 1.689¢3
5000 0.6 | 68 4564  36.14 9.727e —4 | 483 7240  3.527e2
5000 0.8 | 67 419 12.91 9.815e—4 | 161 25.94  1.165e3
10000 0.2 | 8 12269 150.51 9.96e —4 | 915 301.21  2.449¢2
10000 0.4 | 69 12614 157.39 9.916e—4 | 636 315.27 4.734e2
10000 0.6 | 70 16063 205.87 9.821le—4 | 653 412.14 5.423e2
10000 0.8 | 69 12707 180.65 9.862¢e —4 | 473 361.73  8.162¢2

Table 3.1: Minimizing over a convex hull. Here, we report the gradient evaluations (outer iterations)
and linear objective optimization (inner iterations) for UCGS as well as the error that it terminated
with. For CG, we allow it to run for twice the amount of time that UCGS took. We then report
the number of iterations and whether terminating objective value was better than that of UCGS.

The results from the numerical experiments are documented in Tables 3.1 and 3.2. Column
1 indicates the sizes n' whereas the second column represents either the density of A or the value of
m for experiments 1 and 2 respectively. Columns 3 and 4 denote the number of outer iterations, i.e.
gradient evaluations (GE), and inner iterations, i.e. linear objective optimization (LO), respectively
that UCGS performed before terminating with the desired tolerance. Columns 5 and 6 present the
time (in seconds) used and error upon termination of UCGS. For CG, we report the total number
of iterations (Iter) performed, the computational time (in seconds) required and the final error in
Columns 7, 8, and 9. Note that if the time of CG is twice that of UCGS, then the error is not
expected to be below our specified tolerance.

Let us make a few comments regarding the results in Tables 3.1 and 3.2. For the convex hull

1Note that the length of the vectors are n and n2 in the first and second experiments respectively.
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UCGS CG

n m GE LO Time Error Iter Time Error
50 50 | 1354 8493 9.87 9.992¢ — 4 | 6908 19.74  6.073e — 3
50 100 | 1767 11138 13.09  9.994e — 4 | 7038 26.19 1.172¢ — 2
50 200 | 2425 15173  25.39  9.995¢ —4 | 8273 50.79  2.271le —2
100 50 | 1836 13056 159.61  9.980e —4 | 11648 319.25 3.225¢ — 3
100 100 | 2347 16816 216.59 9.990e —4 | 13372  433.20 5.634e — 3
100 200 | 3296 23836 310.16 9.984e —4 | 16053 620.36  9.892¢ — 3
200 50 | 1722 33673 470.71 9.989¢ — 4 | 15966 941.43  3.308e — 3
200 100 | 2314 46323 730.69 9.994e —4 | 17033 1461.42 6.870e — 3
200 200 | 3154 64511 1086.42 9.992e¢ —4 | 19762 2172.85 1.015¢ — 2

Table 3.2: Minimizing over the standard spectrahedron. Here, we report the gradient evaluations
(outer iterations) and linear objective optimization (inner iterations) for UCGS as well as the error
that it terminated with. For CG, we allow it to run for twice the amount of time that UCGS took.
We then report the number of iterations and whether terminating objective value was better than
that of UCGS.

experiment in Table 3.1, we see that the excessive number of gradient evaluations of CG prevents
it from being competitive. The gradient of our objective function requires a matrix multiplication
of increasingly dense matrices. As these densities tend to 1, the gradient evaluations become more
computationally expensive, and CG cannot report as good of a solution as UCGS with even in twice
the allotted time, because it requires much more gradient evaluations to compute an approximate
solution. We also note the necessity of a projection-free algorithm for this feasible set since the
projection onto the convex hull requires the solving of a quadratic program. For any moderately
sized n, this quadratic program is computationally infeasible to solve. For example, one iteration of
FGM in [7] applied to the problem instance with n = 2500 and d = 0.2 takes at least 20 seconds,
which is three times as long as UCGS took to converge.

The second experiment over the standard spectrahedron removes the previous difficulty of
computing the gradient. In the second experiment, the cost of the gradient evaluation is almost
negligible. However, we still see in Table 3.2 that UCGS outperforms CG. In this case, the su-
perior linear objective optimization complexity of UCGS can be seen by noting that CG performs
one linear objective optimization per iteration. Thus, even with a comparable amount of linear
objective optimizations, CG can still not match the complexity of UCGS. This directly highlights
the differences in the linear objective optimization complexity mentions previously. We also observe
the effectiveness of the implementable stopping criterion which enabled us to terminate when an

e-solution was achieved.
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Chapter 4

Sliding Alternating Direction
Method of Multipliers

Recall in Chapter 1 that the accelerated ADMM algorithm (A-ADMM) achieves optimal
performance with respect to the oracle in (2.3.5) when applied to the problem in (ACO). However,
from our discussion surrounding NAGD and Corollary 2.2, it is known that only O(/L/¢) gradient
evaluations are required for a first-order method. In this sense, A~ADMM computes more than the
optimal number of gradient evaluations. From the oracle complexity analysis point of view, the com-
plexity results of NAGD reveal a drawback in the assumption of the first-order oracle (2.3.5). Since
f(z) and h(Kz) are separate functions in the definition of problem (ACO), it is only reasonable to
consider their oracles separately. Specifically, let Oy : R* — R™ xR such that Of(x) = (f(x), Vf(z))
for any inquiry point x, and an oracle Og : R™ x R™ — R™ x R” such that O (u,v) = (Ku, K )
for any inquiry point (u,v). The performance of a first-order algorithm should be evaluated by its
number of inquires to Ok and Oy respectively.

Let us further explore this idea by considering the separable problem

IGI)I(HZIlGZf(I) + h(Az —b) (4.0.1)

as a generalization of (2.3.1) and (ACO). Per our discussion of NAGD, if h = 0, then we should

expect at least (y/L/e) gradient evaluations to compute an e-solution to (4.0.1). On the other
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hand if f = 0, then, it was shown in [27] that proximal based methods require at least Q(||K]|| /¢)
operator evaluations. Thus, under the combined oracle in (2.3.5), it is natural that problems of the
form (ACO) require Q(+/L/e + ||K|| /¢) calls to compute an ¢ solution. An interesting question is
whether or not we can design algorithms that can benefit from separating the calls to Oy and Ok.

This idea of counting different oracle inquiries separately is the driving issue behind sliding
algorithms as we saw in the CGS method in Chapters 1 and 3. From our previous discussion, applying
A-ADMM to solve problem (ACO) computes an e-approximate solution with only O(/L/e+||K]|| /¢)
iterations. However, since a gradient evaluation is required for each iteration, we still need to
compute O(y/L/e + ||K]| /¢) gradient evaluations. Conversely, if we apply NAGD in Algorithm 2.1
to solve problem (ACO), we can already compute an e-approximate solution with O(\/I%) gradient
evaluations of V f, finishing part of our objective in algorithm design. The only drawback is that the
optimization subproblem in the xj step (2.0.4) may be difficult to solve. Naturally, we may choose

to solve the subproblem approximately through certain first-order methods.

4.1 Gradient Sliding

Our proposed method GS-ADMM will attempt to combine variants of the above NAGD
and A-ADMM algorithms. In particular, we will make use of the linearized ADMM (L-ADMM) in
Algorithm 4.1 in order to solve the subproblem (2.0.4) approximately. By controlling the number
of iterations used by L-ADMM in each iteration of NAGD, we will keep the operator evaluations to
a minimum while still maintaining the O (\/T/ES) gradient evaluation complexity of NAGD. Solving
the related projection problem (2.0.4) is a crucial component of sliding algorithms. To continue, we
now discuss solving the appropriate (2.0.4) and analyze the performance of L-ADMM applied to the
subproblem in (2.0.4) under various parameter settings.

Let us describe the subproblem (2.0.4) in NAGD abstractly as follows:

1121)1(1 d(u) == (g,u) + h(Ku) + §||u — x| (4.1.1)

Here, ¢ contains an h(Kwu) term rather than a linear approximation since h was assumed to be

nondifferentiable and simple. To solve the above problem, we can reformulate it to an affinely
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constrained problem:

min  ®(u,w) := (g, u) + h(w) + p lu —z|?, (4.1.2)

(u,w)eH 5

where recall that H = { (u,w) € X x Z | Ku —w =0}. We may now apply the ADMM in Al-
gorithm 2.6 to solve the above problem. Using (u, v, w;) as the iterates, we have the following

iterations:

U

BN

: B a
:argr?(m(g,u) + §||u — x|+ (v, Ku) + §HKU —wi_q]]? (4.1.3)

ue

. o
w; =argminh(w) — (vs_1,w) + = ||lw — Kug|?
weR™ 2

vy =vp—1 — o (Kup — wy).

Note again that for large dense matrix K, the optimization problem in (4.1.3) may be difficult to
solve. However, as discussed in Chapter 1, we may use L-ADMM variant by replacing the quadratic
function (0 /2)||[Ku — w;_1||* with its linear approximation. The L-ADMM algorithm is described
in Algorithm 4.1. Note that the in the description of L-ADMM in Algorithm 4.1 we use variable
parameters 0;, 7, and p; instead of the constant parameter o above for generality. Furthermore, we

see that (4.1.4) and (4.1.5) are computed via a projection and proximal solve, respectively.

Algorithm 4.1 Linearized ADMM (L-ADMM) for solving problem (4.1.2)
Start: Choose ug € X, vg € R™, and wg € Z.
fort=1,...,7 do

Compute

uy = argmin (g, u) + gHu —z|? + (KT(vt,1 + 0 (Kup—1 —wi—1)),u)

uex (4.1.4)
1
2

wy = argmin h(w) — (vi_1,w) + %Hw — Kug? (4.1.5)
weZ

Ve = Vp_1 + pt(Kut — U)t) (416)

end for

The convergence analysis of L-ADMM is well studied; for example, the analysis in [17] can

be applied directly. Specifically, we have the following result.
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Proposition 4.1. Suppose that the parameters 7; and 6; in Algorithm 4.1 satisfy

ne > 0| K|*. (4.1.7)
For any (u,w) € H and any v € R™, we have
O (ur,wr) — P(u,w) < Ar(u,w),
where
1 o 1 &
iy = > uy and g = 7 > w, (4.1.8)
t=1 t=1
are the averages of sequences {u;};_; and {w;}7_;, and
1 & B+ 1
)= 3| G vl = P el (o~ )
& & 4.1.9
S (lwe = wl? = o = wl?) = S Ky~ Kul = [ Ku, — Kul?) 419)
Tt~ P 7 — 0,

T — 0
SO~ Kl = T %, —w]? |

Proof. Let us fix any (z,w) € H. From the description of 4; and w; in (4.1.8) and the convexity of
® in (4.1.2) we have

7@ (ug, we) = @(u, w)]. (4.1.10)

Let us estimate a bound of ®(us, wy) — ®(u,w). From the optimality condition of u; in (4.1.4) we
have

(g + KTvq + HtKT(KUtfl —Wi—1),up — u)
B
<5 (lu = 2|? = flus = =[|* = [Jur — u]?)

+ 5 (e = wall? = flue = weal|* = [lue — ul]?)
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From the optimality condition of w; in (4.1.5) we also have

(—vi—1, wy —w) + h(wy) — h(w)

Tt

<5 (lw = Kug || = [lw, — Kuel|* = flwe — wl]?).

|

Applying the above two relations and the definition of ® in (4.1.2) we have

D (ug, wy) — P(u, w)
(g, — )+ huw) — haw) + 5 s~ al? = 5w~
< (KT + 0, K" (Kug_y —wy_1),us —u) — §||ut — ul]?
+ 2 (= v ? = e = e 2 = e = u]]?)

T
(s, — w0) + (o = K2 =l — Ko — o, — w]?)

In the above, noting that (u,w) € H (thus Ku = w) and using the description of v; in (4.1.6) we

have

.
— <KTvt,1 + GtKT(Kut,l —wp_q),ur —u) + (Vp_1,wp — w) — éHwt — Kug?

T
= — é”wt — KUtH2 —+ <vt_1,wt — Kut> — 9t<K’UJt_1 — wt_l,Kut — KU>
(4.1.11)

T 1
=- 27:%””:&—1 —u® + 2 (Jlvg—1 — ve|? + -1 |® — ||Ut||2)

0
— (1w = Kul® = [Kupey = Kugl|? = ooy = w]® + oy — Kud?).

Summarizing the above two relations, rearranging terms, and noting that Ku = w, we obtain

D (up, w) — P(u, w)

, B+ o
<Pl = e P = S =l 4 (=l = P+ S Ky — Kl

1 0
+ o (lve—rlI? = floel?) + §(||wt_1 —w|? = [lwe — w|?)
0
K — Kl | K, Kul?)
T — T — 0 ™ —0 0
= P s =P+ T K = Kl = T =l = G s = K
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Applying the above result to (4.1.10) and observing from (4.1.7) that

—0,||K|]?
Ui tH H ||Ut_

0
T N O R

Ut—1 ||2 S Oa

we conclude (4.1.9).
O

There are many possible parameter choices that apply to the above proposition. In the

following corollary we provide one example of parameter choices.

Corollary 4.1. Suppose that the parameters in Algorithm 4.1 are set to
ne=0|K|*>+ B8t —1),7m=0,=0, and py =0 (4.1.12)

for some positive constants 6 and o with 6§ > o. We have for all (u,w) € H that

B
(luo = ull® = flur = ull*) = Zllur = ul* + (ol = lloz (1)

20T

1K uo — Kul* — | Kur — Kul]?).

0
+ (oo — w] = oy — wl?) - 5=(

Proof. Observing that 7, > ;]| K||?, hence condition (4.1.7) holds and we can apply Proposition
4.1. Noting that 7 = 8 > 0 = p; and applying the parameter setting (4.1.12) to the description of

Ar(u,w) in (4.1.9) and simplifying terms, we have

r 2 - 2
AT(U,’U]) S%Z l: <0||K|| + 5(t2 1)) ||ut—1 _u||2 _ <0”I(” + Bt) ||Ut —’LL||2

2 2 2 72
+ 5o (ol = loe)?)
2% t—1 t
0 0
+ e = ol = o= wl?) = S0 Kurms - Kul? = [Ku = Kol?) |
0| K|
VI o — > — e — ) = & ur —ul® + o (ool ~ o)
0 0
b — w2~ e —w?) — (1K — Kul? ~ | Kur — Kul?)

O

Now that we have a method of solving (2.0.4), we are ready to propose our sliding algorithm

for solving problem (CO). Applying L-ADMM to solve the associated NAGD subproblem in (4.1.1),
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we obtain the gradient sliding ADMM (GS-ADMM) algorithm, described in Algorithm 4.2.

Algorithm 4.2 Gradient sliding alternating direction method of multipliers (GS-ADMM)
Start: Choose xg € X and set Ty := xg. Set yp := 0 and zg := Kxg.
for k=1,...,N do

Compute
o =(1 = V&) Th—1 + WeTr—1 (4.1.13)
(i‘ka gka Thy Yk 2k ) :ApprOXGS(Vf(Qk;% Th—1,Yk—152k—1; Bka Tk) (4 114)
T =(1 — ) Tp—1 + Wl (4.1.15)
Zr =(1 = ) Zr—1 + T2k (4.1.16)
end for
Output Ty

procedure (zT, 2% 2T yT, 27) = ApPROXGS(g, 7,9, 2, 3,T)

Apply L-ADMM in Algorithm 4.1 to solve problem (4.1.2) with initial values uy = z, vo =y,
and wy = z. Obtain the iterates ur, vy, and wr of the algorithm and the average wr and trp
(defined in (4.1.8)) after T iterations.

Output z* := oy, TT := Gr, 27 == up, y* ;= vy, and 27 = wy.
end procedure

In GS-ADMM, iterations (4.1.13)—(4.1.15) resembles that of NAGD in Algorithm 2.1, while
the subproblem in the zj, step (2.0.4) in NAGD is replaced by a call to the ApproxGS procedure.
Specifically, in the k-th call to the ApproxGS procedure (4.1.14), the procedure performs 7}, iterations
of the L-ADMM algorithm described in Algorithm 4.1 to compute an approximate solution to the
problem in the zj step (2.0.4) in NAGD, or equivalently, problem (4.1.2) with ¢ = V f(z;) and
x = x_1. By Proposition 4.1, for properly chosen parameters we have

Bi
2

B

(Vf(zy), Tr) + h(Z) + =

lu — zp—1]?

I — :ck_1||2] - [<Vf<xk>,u> hw) +
(4.1.17)

< A (u,w), Y(u,w) € H.

Note that the results zx_1, yr—1, and zx_1 computed during the (k — 1)-th call of the ApproxGS
procedure are supplied as initial values in the k-th call, allowing a “warm-start” of the L-ADMM
algorithm. The approximated average solution @y, computed after T}, iterations of the L-ADMM
algorithm is delivered to Zj, which is then used to compute the approximate solution output Ty.

Using the above result (4.1.17), we can derive the convergence of Algorithm 4.2.

Theorem 4.1. Suppose that the parameters 7; and 6; in Algorithm 4.2 satisfy condition (4.1.7)
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and we choose B and 7, such that

Bre > Ly, (4.1.18)
then we have
BTy, Zk) — (1= ) F(Th—1,Zk—1) — WL (u, w) <7y, %kaq —ull® + Ag, (w,w) |, Vu,w € H.
(4.1.19)

Here F is defined in problem (ACO) and Ar, (u,w) follows the definition in (4.1.9).

Proof. Let us fix any (u,w) € H. By the Lipschitz condition (2.0.1) and the convexity of f, we have

FER) — (1= ) (Frmn) ()
<) + (V@) B — 22 + 5 [ — 2l

(= @) + (V5 ), P — 2]

= Y[f(z) + (Vf(zp), v — )]
(V1 (@), (1= ) — o)+ 517 — 2,

- Ly
= [(VF (@), @ =) + 5 & = anea?|

Here in the last inequality we use the description of Z, and z;, in (4.1.15) and (4.1.13). Also, by the

convexity of h and the description of Zy in (4.1.16) we have
h(Zk) = (1= ye)h(Ze-1) = yh(w) < ve(h(Zk) — h(w)).
Applying the above two relations and (4.1.17),

[F (@0, 20) — Flu,w)] = (1= ) [F(@ro1,Frm1) — Fu,w)]

- L - -
<o (V7= )+ 25— P+ i) — )
_ L B
<o | =B EE o~ P 4 = ol A )]
Applying (4.1.18) to the above we conclude (4.1.19). O
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In the following corollary we describe a possible parameter setting of Algorithm 4.2.

Corollary 4.2. Suppose that the parameters B, vk, and T} in Algorithm 4.2 are set to

and By = 2L, (4.1.20)

2
T, =T =
e A | k

and that the parameters in the k-th call to the ApproxGS procedure in Algorithm 4.2 are set to

oN oN ok
ne = THKHQ +B(t—=1),7 =06 = — o ad = (4.1.21)

for some positive integer 7" and real number o. Then we have for all (u,w) € H that

F(f}c,f}c) - F(u, w)

o2 elKpP | 2
o — U
SINN+1)  T(N+1)| " o

(4.1.22)
120 — wl|.

) (||Z/0||2 - ||yN||2) +

g
T(N +1 T(N +1)

Proof. Note that the parameters described in (4.1.21) satisfies (4.1.12) (with 6 := oN/k and
o:=ck/N). Using the parameter values in (4.1.20) and (4.1.21), applying Corollary 4.1 and noting

the initial value and output of the k-th call to the ApproxGS procedure, we have for any (u,w) € H

that
O'N||K||2 — + —
A k(u,w) <7k(||gjk 1— ’U,H2 — ||Jfk - U/HQ) - Eka u||2 7‘30’1‘]{ (”yk 1”2 ||yk||2)
N oN K K
+Lk(||zk 1 —w||2— sz wHQ)_TTk'(Hka 1 —Ku||2— || Tk u||2)

Applying (4.1.20) and the above result to Theorem 4.1, the result (4.1.20) in the theorem becomes

k—1

[F (@1, 20) — Flu,w))] = [F (@1, Zem) — Flu,w))]

Pl
< | F s =l = ok — ul?)
4 IR s 2 — =)+ o (el — el
2 s —wl? = = wlP) = ST (1Kt — Kl = [ Koy — Kul?) |
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Multiplying both sides by [k(k 4+ 1)]/[N(N + 1)] and summing from k£ =1,..., N we have

F(@k, Zk) — F(u,w)

<[y + il o = l? = llow = w1 + s (ol — o )
+ gy o =l = e = wlP) = s (1Ko = KulP = | Koy — KulP).
In the above, note that
2L ol K| 2 g 2
TNV ED + TN+ 1) oy —ull” - m||ZN —w|
- T(NLM(HMO — Kul® — | Kzy — Kul]?)
< — L o = ul? + T i — Kl <o

We conclude (4.1.22).

Let us briefly consider a simple form of GS-ADMM with T, = T = 1. Since we only run one

iteration of Algorithm 4.1 in each call to the ApproxGS procedure, we can write the computation

of zp, yr, and z; explicitly. Specifically, using the parameters in the above corollary with 7' = 1, we

have the following steps in the k-th iteration of GS-ADMM:

k-1 2
T 1 T e

. N
rp = argmin, e x (Vf(zy),u) + <KT (yk—l + %(Kmk—l - Zk—l)) 7U>

L 2L+ oN|K|?
ok

Tk—1

[ —2p_1]?
. oN
zp = argmin,, ez h(w) — (yx—1,w) + %”Z — Kaxp||?

ok
Yk = Yp—1 + F(th — )

k—1_ 2

e T

The above iteration is indeed the same as that in A-ADMM described in Algorithm 2.7 (with

0, = 7, = oN/k, o = ok/N, and n, = (2L + oN||K||?)/k). The parameters we choose are in

fact exactly the same as the ones described in Theorem 2.9 in [17]. Therefore, we conclude that
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GS-ADMM includes A-ADMM as a special case (when T, =T = 1). Equivalently, A~ADMM can be
interpreted as an algorithm that uses one iteration of L-ADMM to compute an approximate solution
to the possibly sophisticated subproblem in the zj step (2.0.4) of NAGD.

However, although A-ADMM can be interpreted clearly under the GS-ADMM framework
as the case when T}, = T = 1, from the result (4.1.22) in Theorem 4.1, we can observe that T'= 1 is
not necessarily the best choice. This is because that the right hand side of result (4.1.22) is either
in order O(1/N?) or O(1/(TN)). If we are allowed to select T, = T = O(N) instead of T, = 1 in
GS-ADMM, we can possibly obtain an estimate in (4.1.22) that has significantly better dependence
on N.

Corollary 4.3. Suppose that Y := dom h* is compact, and that the parameters in Algorithm 4.2

are set as in Corollary 4.2. Then we have

2L 20| K||? D2 1

f(@k) + h(KZTg) — F* < N(N+1) " T(N+1) X+m

D%, (4.1.23)

where Dx and Dy are upper estimates of the distance from z( to the set of optimal solutions to
problem (CO) and the largest norm sup, ¢y [|y|| among elements in Y, respectively. Specifically, if

we set

Dy [NKIDY w (4.1.24)

oc:=———and T :=
| K[| Dx LDx

in the parameter settings in Corollary 4.2, then the number of gradient evaluations of Vf and

operator evaluators (involving K and K ) are bounded by

[5LD3 5|K||DxDy | [5LD3
Ny =/ == and Nk = ” ”€X Sy

respectively.

Proof. Consider the k-th call to the ApproxGS procedure. Noting that the ApproxGS procedure

performance T}, = T iterations of L-ADMM in Algorithm 4.1 with p; = ok/N, by the description of
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vy in (4.1.6) we have

g
Ve = Vg1 + W(Kut — U}t).

Summing from ¢ = 1,..., T and noting the definition of average sequence @; and w; in (4.1.8) we
have
Tk
ok okTy N
v, = v + ~ tE:I(Kut —wy) =g + T(Ku;pk —WT,).

Observing the setting of initial and output values in the description of the ApproxGS procedure in

Algorithm 4.2 and recalling that T = T, the above becomes

okT . -
Yk = Yk—1 + T(Kfﬂk - Zk)

Applying the above result, the description of Ty and Zj in (4.1.15) and (4.1.16) respectively, and

noting that the parameter v, = 2/(k(k + 1)), we have the following recursion:

k—1 2 -
Kz, — Z, Zﬁ(K@cq — Zp—1) + i 1(5% — Zi)
k-1 2N
= (KZp_1 — Z_ ———(Yp — Yp—_1).
k:+1( Th—1 — Zk 1)+0’k(k—|—1)T(yk Yk—1)

Multiplying by [k(k + 1)]/[N(N + 1)] and summing from k£ =1,..., N we have

2

Kz, —ZzZp = ———— — .
Ty — 2k aT(N+1)(yN yo)

Therefore, we have the following relation for any v € Y

2
KTy — %) =— -
<U7 Tk Zk> UT<N+1> <v7yN y0>
1
=gy Ul = o ol = ol + o = o1
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Applying the above relation to the result (4.1.22) of Corollary 4.2, we obtain

F(fk,fk) — F(mw) + <U,Kf[€ — §k>

2L o|| K2
N(N+1) " T(N +1)

1
oT(N +1) (

< lwo — ull* + lyo = vlI* = llyn = v]1?)

g 2
—— |20 — , Vv eY.
M L e
In the above result, applying the initial value yo = 0 and z9 = Kz¢ in Algorithm 4.2, the definition of
Dx and Dy, choosing u = z* and w = z* = Kz*, and noting that ||[Kxg— Kz*|| < [|[K||||zo — 2*|] <

Dx, we have

F(zg,ZK) — F* + (v, KTy, — Zk)

< 2L i O'||K||2 ||J,‘ _x*HQ_‘_;”UHQ
SIN(N+1) T TN +1)) " oT(N +1)

g
_ — IK — Kx* 2

oL 2| K ||?

< 2 -~ D? .
[N(N—i—l) T(N—i—l)] Xt orN Y ey

Letting v = B/ (K7Zy) € Y be a subgradient of h at KTy, we have
h(Zy) + (v, KTy, — Zx) > h(KTy),
thus

f(@k) + h(KTy) — F*
<f(@k) + h(Zk) + (v, KTy — Z) — F~

:F(@,Ek) — F* + <'U,ka —§k>

2L 20| K|1” 7 2 1 2
< D%+ ———D%.
“IN(N+1)  T(N+1)| X T oT(N+1)Y
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Specifically, setting o and T to (4.1.24) we have

f(@) + W(KTy) — F*
2L 2L } o Lllwg—2*|®>  5LD%

= N(N+1)+N(N+1) X7 NWN+1)  NN+1)

Let us evaluate the number of gradient evaluations and K operations needed to compute an e-

approximate solution to (CO). In order to have f(Zy) + h(KZy) — F* < ¢, we need

5LD%
3

N > Nyy =

iterations of GS-ADMM. With N := Ny iterations of GS-ADMM, we perform Ny gradient
evaluations of V f and the same number of calls to the ApproxGS procedure. In the k-th call to the
ApproxGS procedure we run T, = T iterations of L-ADMM with T operator evaluations involving

K and K. Therefore, the total number of K and KT operations is bounded by

Ne =S =SS [NIEID] o T KDy
K -— k — LDX - Vf vf LDX
k=1 k=1
| K[| Dy
<N Nyfr—— +1
< Vf( vf LDy +

_SIKIDxDy | [SLD%
€ e

O

A few remarks are in place for the above result. First, when X and Y are both compact
and we have knowledge of both diameters, then we can simply set Dx and Dy to be the diameters
of X and Y respectively. Second, from the setting in (4.1.24), only the ratio between Dy and
Dy is required for achieving the above complexity result, instead of the knowledge of both values.
Finally, from the above result, in order to compute an e-approximate solution to (ACO), the gradient
evaluations of Vf and operator evaluations (involving K and K T) required by GS-ADMM are
bounded by

0( Lgi) and O <, Zn |K|DEXDY>
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respectively. Let us compare the above result with that of A-ADMM. Let set ¢ as in (4.1.24) but

T :=1, then by (4.1.23) we have

7 = 2L 2| K||D 2 | |K|DxDy _ 2LD3 3|K|DxD
f(@g) + h(KTy) — F* < [N(N-i-l) + (N+1)DYX D% + N+X1 Y _ N(Nfl) + N+)1< Y

Since A-ADMM performs one gradient evaluation of f and operator evaluation (involving K and
KT) in each iteration, in order to compute an e-solution to (ACO) both gradient and operator

evaluations are bounded by

o (\/E+ |K|LZXDY). (4.1.25)

Therefore, the GS-ADMM has significantly better performance than that of A-ADMM in terms of
the number of evaluations of V f required. Looking further, we can see that the quantity p := %
plays an important role in the differences between GS-ADMM and A-ADMM. Whenever p < 1/N,
we see that from (4.1.24) that 7' = 1 in GS-ADMM. That is, for small enough values of p, GS-
ADMM reduces to A-ADMM. Put differently, A-~ADMM achieves the optimal gradient evaluation
complexity whenever p < 1/N. Indeed, applying this relation, the evaluations of Vf in (4.1.25)
reduces to O(\/Tg(/s) In view of this fact, we note that A-ADMM achieves optimal gradient
evaluation complexity for problems with a particular set of problem dependent parameters, namely
1 < 1/N. The novelty of GS-ADMM is that this method achieves the optimal number of gradient
evaluations for any set of L, ||K||, Dx, and Dy.

Note, however, that due to the choice of parameters in (4.1.21) and T in (4.1.24), we must
specify in advance the maximum number of iterations V. Such a property is not ideal as it does not
allow us to perform more iterations if our original desired tolerance is not sufficient. In the numerical
experiments later, we will see a problem instance that suffers from this phenomenon. Therefore, it
is often desirable to design modifications whose parameters are not dependent on the max iteration
count IN. Before discussing further sliding algorithms, we now turn to addressing this problem for

GS-ADMM and consequently A-ADMM as well.
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4.2 Operator Sliding

Previously, we applied sliding to ADMM type algorithms to reduce the number of overall
gradient evaluations required for an e-solution. Similarly, we can also use sliding to improve the
number of operator evaluations required. Here, we present a modified ADMM type algorithm which
computes an e-approximate solution to (ACO) with O(y/L/e + ||K]| /) gradient evaluations and
O(||K|| /¢) operator evaluations.

Similar to our previous discussion of GS-ADMM, our proposed operator sliding ADMM
(OS-ADMM) algorithm in this section is based on the works of NAGD and ADMM. Here, ADMM
will serve as our foundation algorithm and we will utilize a more aggressive strategy of computing
the xj subproblem. Rather than linearizing the problem, we will instead use NAGD iterations to
compute an approximate solution to the xj subproblem in (2.3.2). In doing so, we will show that an
g-approximate solution is achieved in only O(]|K]||/¢) iterations of ADMM. By properly choosing
the tolerance of the approximate solution of (2.3.2), we will also show that we can keep the gradient
evaluations to the aforementioned O(y/L/e+||K]| /¢). To do so, let us consider the NAGD algorithm
for solving problem

miy Y(u) = f(u) + (Lu) + 2u—z|. (4.2.1)

Applying a modified NAGD, which we will refer to as NEST, we have the algorithm described in

Algorithm 4.3. For convergence of Algorithm 4.3, we have the following proposition and its corollary.

Algorithm 4.3 NEST for solving (4.2.1)

Start: Choose zg € X. Set Zg := xg
for k=1,...,N do

Compute
2 =(1 = A)Zo + A1 — W) Th—1 + MeTr—1, (4.2.2)
oy =argmin V() + 1) + Flu = 2l + §lu -z (1.2:3)
Fr =1 — Y)Ep_1 + VhTk- (4.2.4)
end for
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We will again make use the following quantity:

1 k=1
Ty = (4.2.5)

(1 — ’yk)rk,1 k> 1.

Proposition 4.2. Suppose that v; =1, 7, € (0,1), k=2,..., N, and

Then we have

[Y(@N) = dW)] = (1= N[ (@o) — ¢(u)]

<Bllzn —a|® = D527 — 2* — B En —al|* + A n(u), Vu € X,

where

T :=(1 — \)Zo + &g, Vk=0,1,...,N, and (4.2.7)
Tov(u) =T Aly & [ % llopr - ul? = 252y — u?] . (4.2.8)

Proof. Let us fix an arbitrary « € X and define

vi=(1=XN)Zo+ Au (4.2.9)

We have the following observations regarding our defined v, z, Z and Ty in (4.2.9), (4.2.2), (4.2.4),

and (4.2.7) respectively:

Ty — xj, =Tk — (1 — ) Tr—1] — M1 = M (2k — 1),
T — (1 =) Th—1 — Vv =(Tp — To—1) + Ve (Tt —v) = MTp — Ti—1) + A (Tp—1 — u)

:A[:i‘k — (]. — ’yk).’ﬁkfl] — )\'yku = )\'Yk(xk — ’LL)

Using the above observations and the convexity and Lipschitz continuity of f in (2.0.1), we have

(T — (1 — ) Th—1 — W) = My (l, o — u)
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and

F@r) = (L= ) f(@—1) — WS (0) <F(zp) + (VF (@), T — z1,) + 51Tk — 2]
— (L =y)[f (zg) + (Vf(2g), Th1 — 2]
= Yelf(z) + (Vf(zp), v — )]

=\ [(Vf(@c)’l“k —u) + 3

[k — xk—lHZ} :
Also, from the optimality condition of z, in (4.2.3) we obtain

(VA (g) + L = u) <E(lu = o = law = vl = lon — ul?)
+ 30w = ol = llow = 2l = o — ul?)
= onms =l = 52 g — ] = s — 2

+ 2l = z)|* = o — ).

Using the above three relations and noting (4.2.6) we have the recurrence relation

{lF@x) + (Lzw)] = [f(0) = Lo} = (=)l @r—1) = (G Te-1)] = [F(v) = (o))}

=f(@r) = (1= 3) f(@r—1) — v f(0) + {(, Tk — (1 = %) Th—1 — V)

S)\’yk Vf :Ek T — U> + L);k ||£Ek — Ik_1||2 + <l,£L‘k — u)] (4210)

Br—LAvk L)\'Yk ||xk 1—$k||

Gllor-s —ull® = 255 o — ul® + F(llu— 2| — o ~ tz)} :

2

v [Sllans — ulP = 252 — wl? + ( — 2 ~ an — 2]?) -
<A\Vk [

Note from the description of #, in (4.2.4) and convexity of ||-||* that

1 — ul [ = 1I(1 = ) (@1 — w) + (an — )|

< (1 =) k-1 — ull* + e [Jox — ul*
Summing from k= 1,..., N in the above relation we conclude

N 2
&N — UH <Iy Zk 1 25 ek — u|| = N(]\?H) > ok—1 K llwe —ull”. (4.2.11)
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Thus, from the definition of T' in (4.2.5), our assumption on parameters in (4.2.6), the relation in
(4.2.11), and that y; = 1, multiplying by I'y /Ty and summing from & = 1,..., N in (4.2.10) we

have that

[f (@) + (L zn)] = [f(v) = (4 v)]
SATw Yiey 2 | Fllzroy — ull? = 25 ey, — ul® + 2 (lu — 2l — [|lzx — xllz)}

A - N
<B(lu - o = an = all®) + A0x Sy 2 [Slloeo - ul® = 2572y, — u)?]
where in the last inequality we used the relation
N
I'n Y peg 'FY—’; =1
Observing that Ty = Zo and that (1 — A\)ZTgp — Au = v, using the above result we conclude

[Y(@N) =P (u)] = (1= N[Y(To) — P(u)]
=[f(@n) = (1 =N f (@) = Af(w] + [{,Tn — (1 = A)To — Au)]

_ 1—X) |— A
+ 27y — 2] — 5|7 — 2)|? — 2l — z||?

A

<[f@n) — f)] + [, TN — )] + Fl[Tn — 2
) —
- 27 w0 — o~ Bllu—
— 1-X) == Al &
<BlEN — al* - 52T — 2|* — B|En — 2|
N
FATN T 3 (Sl -l — 52, — u?
which finishes the proof. O

An immediate corollary of Proposition 4.2 is a potential parameter setting for simplified

analysis.

Corollary 4.4. If the parameters of Algorithm 4.3 are set to

Vi = ki“rl’ /Bk — % where f Z >\7 (4212)
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then for all u € X we have

2L -
T () = wiwen (lzo — ul® = llen —ull?) = FlEn — ull®.

Proof. By (4.2.12) and (4.2.5) we have I'y, = 2/(k(k + 1)). Applying the value of Ty and the

parameter settings in (4.2.12) to (4.2.8) we have

N
Ty (u) = ypeny Yory [Lllanr — ull? = (L€ + 1) ok — ull?]

2L N
:N(Tin(llxo —ul® = oy —ul*) - W% D Klloe — ull?

in which we immediately conclude the corollary by noting (4.2.11). O

Algorithm 4.4 Operator sliding alternating direction method of multipliers (OS-ADMM)

Start: Choose ug € X. Set ug := ug, g := ug, vg := 0 and wg := Kug.
fort=1,...,7T do
Compute
lt :KT(’Ut,1 + ak(Kﬂt,1 - wt,l)) (4213)
(g, us) =ApproxOS(ly, ws—1,Ws—1,m¢, Ni) (4.2.14)
Ty =(1 — A\p)Tp—1 + Ay (4.2.15)
wy =argmin — (vg_1,w) + h(w) + 2| Kd, — wl? (4.2.16)
weR™
Vp =V¢—1 + pk(Kﬂt — wt) (4217)
end for
Output Ty

procedure (ut,ut) = ApPROXOS(g, u,w, v, w, 3, N)

Apply NEST in Algorithm 4.3 to solve problem (4.2.1) with x = 4;—; and initial values
To = Us—1, To = Us—1. Obtain the iterates z, T, and Ty of the algorithm.

Output 4T := Zx and u’ = zy.
end procedure

We can now describe our novel contribution of this section, the Operator Sliding ADMM
(OS-ADMM) algorithm shown in Algorithm 4.4. We can make the following observations regarding
OS-ADMM. The iterations (4.2.16) and (4.2.17) resemble that of the ADMM iterations in (2.3.3)
and (2.3.4). Indeed, the updating of the artificial and dual variables of OS-ADMM are the same
as in ADMM. However, the primal variable, denoted x; in Algorithm 2.6 and 4; in Algorithm
4.4, is computed approximately in OS-ADMM since the gradient step for the primal variable, i.e.

a minimization of the form (2.3.2), is not necessarily easy to compute. The call to ApproxOS
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in (4.2.14) is effectively applying NAGD iterations for computing an approximate solution for the
primal variable. That is, OS-ADMM can be viewed as an ADMM procedure which computes its
primal update using NAGD iterations.

Noting the initial and output iterates of the ApproxOS procedure, we can observe that

u; = Tp,. Moreover, by Proposition 4.2, for properly chosen parameters we have

F@) — F(w) + (e — )+ B[ — e ])® — 2l — @ |
— (L= A @amr) = F() + Ty — )+ B[y — | = %t — e ]

<@, — o |2 — 22 Ty — d]? — 22 |a — @1 |2 + T, (u), Yu € X.

Noting the description of w; in (4.2.15) and simplifying the above relation, we have

J) = (1= Xe) f(@—1) = Mef (u) < = Ao [ (L, e — w) — ||ty — tg—a ||

(4.2.18)
+ |t — ul* + Yy, (u) |, VueX.
Using (4.2.18), we can establish the convergence property of Algorithm 4.4.
Theorem 4.2. Suppose that the parameters in Algorithm 4.4 satisfy (4.2.12) and
MNo=1, 0, =1 > ps, me > 0| K| (4.2.19)

Then we have

[ (@, we) = F(u, w)] = (1= M) [F (U1, We1) = F(u, w)]
e [ Bl = ul® + Yo, () + g5 (loea|* = loell?) + G (lwe-s = wlf* = [lw, = w]?)
— G (1 K-y — Kul® — | K, — Kull*) ],
where F is defined in problem (ACO) and Yy, (u) follows the definition in (4.2.8).

Proof. Let us fix any (u,w) € H. By the definition of H we have Ku = w. From the optimality

condition of (4.2.16) we have

(—vp-1,w — w) + h(wy) = h(w) <G (lw = Kagl|* — [Jwy — Kae||* = we — w]|?)

=5 (1 Ku — Kae||* = [lwe — Kt ||* — we — wl]?).
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Also, by the description of I; in (4.2.13), noting that Ku = w, and using (4.1.11), we have

— (L Ty — w) + (Vo1 wp — w) — 2wy — Kaig||?
— (KTvt_l + 0, KT (K1 — wy_1), e — u) + (Vi—1,wp —w) — Fljwy — K ||?
== 0(Kty—1 — w1, Kty — Ku) + (g1, w; — Ktig) — & ||wg — KﬂtHz
(K — Kull? = Ky — K2 — wpy — w]® + Jwpy — Kl

+ %pt (loe—1 = ve® + [fve—a[I” = floell*) = 3z lvi-1 = vl

Therefore, combining the two above relations we have

h(we) = h(w) = (e, G —w) <gp; ([ve-1l® = [lve]?) + G (Jwe-r — wl* = [lwe —w]*)

~ G(IK @ — Kul® — Kty — Kull?) + S K@ — a1,

where the last inequality is from our condition of parameters in (4.2.19). Using the above relation,

(4.2.18), the description of F' in problem (ACO), and the convexity of function h, we have

[F(a:,wt) — F(u,w)] — (1 = A\)[F(Tp—1, Ws—1) — F(u, w)]
=[f @) = (L= Ae) f(@—1) = Aef ()] + [(w1) = (1 = A)h(Wi—1) = Ash(u)]
<[f(@e) = (L= M) f(@e—1) = Aef (w)] + Ae[h(we) — h(u)]
N[ = Bl — @ |® + Llla— — ul® + T, () + G I[P — @]
+ g5 (le-all® = llvell?) + G (lwer = wl® = lJwe — w]?)
— G- — Kul® = || Ky — Kul*) ] .
We conclude the proposition immediately by noting that 7; > ;|| K||? in the condition (4.2.19). O

In the following corollary we describe a possible parameter setting of Algorithm 4.4.

Corollary 4.5. Suppose that the parameters in Algorithm 4.4 are set to

Ni=NA= 7, m= K n=00=2F p= ¢, (4.2:20)
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and that the parameters in the k-th call to the ApproxOS procedure in Algorithm 4.4 are set to

"Yk, = %7 ﬂk‘ = % (4.2.21)
for some positive integer N and real number o. Then we have for all (u,w) € H that

F(ur,wr) — F(u,w) < WM(HUQ —ul® = flur —ul?) + ﬁ(HUOH2 — [loz[*).

Proof. Note that the parameters described in (4.2.20) and (4.2.21) satisfy condition (4.2.6) in Propo-
sition 4.2 (with A = A\; = 2/(¢+1)). Using the parameter values, applying Corollary 4.4 (with £ = 2/t
and A = A\ = 2/(t 4+ 1)), and noting the initial value and output of the ¢-th call to the ApproxOS
procedure, we have

T, (u) = oy (luer = ull® = Jlue = ull?) - e — ul|.

Applying the parameter settings in (4.2.20) and the above result to Theorem 4.1, we have

[F (1, 1) — Fu,w)] — S3[F(@-1,-1) — Flu, w)]

I — ul|?

<2 [ oT|K|?

- T K|
D gy — ] + gy (e — wf® = e — w?) — 224

+ 507 (o1l = lloell?) + ¢ (Jweer = wlf* = lwe = w]*)

(]

= G (| Kt — Kul|* — [ Ky — Kul*) ]
We may then multiply by [t(¢t + 1)]/[T(T + 1)] and summing from ¢t = 1,...,T to obtain

— glIKI? /11 ~ -
F(ar, r) — F(u,w) <ZHE ([0 — ull? = llir — vl®) + sovriores (lvo — ull® = lur — ull?)

+ s Ulvoll® = [lorl1?) + 75 (lwo — wl® = [lwr — w]?)

— 725 (Ko — Kul® — || Kty — Kul?).
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We conclude the corollary by noting from the above that

_ allx]|?

rrllar = ul® = 25 lwr — w]* = 755 (| Ko — Kull* — || Kar — Kull?)

g
T+1
K2~ .
<~ Var — ul]? + 2l Kar - Kull?

<0.

O

Just as in the case for GS-ADMM, the convergence in Theorem 4.2 allows us to choose a

set of parameters that generates an upper complexity bound on minimizing problems of the form in

(ACO).

Corollary 4.6. Suppose that Y := dom h* is compact, and that the parameters in Algorithm 4.4

are set as in Corollary 4.5. Then we have

F@x) + hW(ET) - F* <y Pk + s DY

where, recall, Dx and Dy are upper estimates of the distance from z( to the set of optimal solutions
to problem (ACO) and the largest norm sup, ¢y [|y|| among elements in Y, respectively. Specifically,

if we set

— D o LD
0= TRIDx and N := { TIK[ Dy (4.2.22)

in the parameter settings in Corollary 4.5, then the number of gradient evaluations of Vf and

operator evaluators (involving K and K ") are bounded by

9||K||Dx D 9L D? 9||K||Dx D
Ty = Il HEX Yandva::1/ Dx ¢ Il st v

respectively.

Proof. Similar to the proof of Corollary 4.3 we have

— — * L 2 2
f(@k) + h(KZyp) — F* < N(N+f)T(T+1)DX + UT(J{/H)DY'
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Noting the choices of o and N in (4.2.22) we have

_ _ SLT| K| Dy 12 K| DxD 9||K||Dx D
f(@r) + h(KTy) — F* < T(Tﬂl)!,DiDX+ ” HT+X1 r =2 L—f =

Let us evaluate the number of gradient evaluations and K operations need to compute an
g-approximate solution to (ACO). In order to have f(Ty) + h(KZy) — F* < e, weneed T > Tk :=
w iterations of the OS-ADMM algorithm in Algorithm 4.4. With T := Tk iterations of
0S-ADMM, we perform Tk operator evaluations involving K and KT and the same number of calls
to the ApproxOS procedure. In the ¢-th call to the ApproxOS procedure we run N; = N iterations
of NEST with N gradient evaluations of V f. Therefore, the total number of gradient operations is
bounded by

N\ _ LD LD _/9LD? 9||K||Dx D
Tori=2um Mo =T [V TKHKI)\(DJ s Tk (\/ TRl KDy T 1) =yt

4.3 Lower Complexity Bounds for ADMM algorithms

Throughout this chapter, we have introduced two sliding techniques that are both designed
to solve problems of the form (ACO). In the discussion surrounding (4.0.1), we argue that to
compute an e-solution, at least Q(/L/e) gradient evaluations and Q(||K|| /e) operator evaluations
must be computed. Viewed in this way, it is clear from the previous sections that GS-ADMM and
OS-ADMM are optimal algorithms for (ACO) with respect to gradient and operator evaluations
required, respectively. Here, we argue that if properly chosen, either GS-ADMM or OS-ADMM will
have optimal calls to both the gradient and operator oracle for any given problem of the form in

(ACO).

Algorithm 4.5 Sliding Alternating Direction Method of Multipliers (S-ADMM)
if w;:%zlthen
Apply GS-ADMM.
else

Apply OS-ADMM.
end if
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Theorem 4.3. Let SSADMM in Algorithm 4.5 be applied to compute an e-solution to (ACO). Then
S-ADMM requires only O(y/LD% /) gradient evaluations of f and O(||K|| /¢) operator evaluations.

_ IK||Dy
VeV

m > 1, SSADMM applies GS-ADMM to minimize (ACO). Noting the results regarding the gradient

Proof. Fix some tolerance £ > 0 and suppose that the quantity = : is known. Whenever

and operator evaluation complexities for GS-ADMM from Corollary 4.3 and that

._ ./B8LD% | 5||K||DxDy /5LD% |[|K||Dy | 5||K||[DxDy _ || K||Dx Dy
Ng = —= + - < = '\/E\E_F 8 =0 -

since m > 1, we see that S-FADMM satisfies the conclusion of the theorem whenever 7 > 1. On
the other hand, if 7 < 1, then SSADMM applies OS-ADMM to solve (ACO). From our results in

Corollary 4.6 and the assumption on 7, we have

. . /9LD% 9||K||Dx Dy 9LD% 9||K||DxDy  +eVL __ LD%
Nyy = =t - SVt - TRy =9\ V=

which satisfies the conclusion of the theorem. O

That is, by using 7 dictate sliding, S-FADMM is an optimal algorithm for solving (ACO)

with respect to both gradient and operator evaluations required.

4.4 Dual Regularized Gradient Sliding

There has been an effort in recent literature to resolve the dependence on the maximum
iteration count N. Specifically for ADMM type algorithms, [28] proposed a technique called dual
regularization which is sufficient for eliminating the need for IV in the choosing of inner iteration
parameters. In this section, we will briefly show that dual regularization can be also be successful
when applied to sliding ADMM procedures. We provide a proof of concept by presenting a practical
version of GS-ADMM using dual regularization that does not require N in the parameter setting.

Consider an adaptation of L-ADMM presented in Algorithm 4.6 and let us compare the two
procedures. We can immediately note the differences in the underlying minimization subproblems
(4.1.4) and (4.1.5) in L-ADMM and its counterparts (4.4.1) and (4.4.2). In both pairs, we can
see that an additional norm squared regularizer has been added to each minimization in the dual

regularized algorithm. We can view these as penalties for moving too far away from our initial
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Algorithm 4.6 Dual Regularized Linearized ADMM

Start: Choose ug € X, vg € R™, and wg € Z.
fort=1,...,7T do
Compute

uy = argmin (g, u) + §||u —ug|)® + (KT (01 + 0y (Kus—q — wi—1)) — e (Kug_1 — Kug), u)
uex (4.4.1)
t + 2
+ B lu = e || + 5 [Ju — uoll

wy = argn}in h(w) — (ve—1,w) + 2w — Kug||* + £ [Jw — wol|? (4.4.2)
we
[
Ut = 1+l171,5t V-1 + 15—;’:& vo + 1+pptf,51, (Kut - wt) (443)
end for

iterate. We also notice a difference in (4.1.6) and (4.4.3). This too can be explained through a

regularizer. Indeed, note that

argmin — (Ku; — wy, v) + Tfl)t lo —ve_1]]? + % |l — vol|?
veR™

1/p¢ ¢ 1
WS Vet s v + s (Kue —wy)

_ 1
T 14pide V-1t

Pt5t Pt _
1+p16: vo + 14+pede (Kut wt)

= V¢.

That is, the computation of (4.4.3) can be viewed as solving the above optimization problem which
has a regularization term with penalty ;. Whenever 6, = 0, we recover (4.1.6). Thus, the only
difference between Algorithms 4.1 and 4.6 is the presence of regularization terms on the minimization
subproblems. However, despite only being small changes to the subproblem minimizations, these
regularization terms allow us to choose alternative parameters for Algorithm 4.6 that do not require
N. Furthermore, since these subproblem modifications are only the addition of regularization terms,
solving (4.4.1) and (4.4.2) is no more difficult than solving (4.1.4) and (4.1.5) respectively. The
benefit of the regularization terms can be seen in the convergence analysis. For the rest of the
section, we will concern ourselves with the analysis of algorithms that are slight modifications of the
ones already discussed in this section. Accordingly, much of the remaining analysis is similar to our
previous discussion. Below we state a proposition regarding the convergence rate of Algorithm 4.6

that is very similar to that of Proposition 4.1.
Proposition 4.3. Suppose that Algorithm 4.6 is used to minimize (4.1.2). Then for all ¢ > 1 and
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(u,w) € H, we have ®(ur, wr) — ®(u, w) < Ar(u, w) where

o 2 T ~ 2 T
ur = m Zt:l tUt and wr = m Zt:l twt (444)
are weighted averages of sequences {u;}._; and {w;}]_;, and

T 2 2 2
Ap(u,w) = gy Dpmt [ (% o1 — u|” — 2525y — w]] )*%HUO*“H

G wer —wl” = P [, wIIQ) + 4 |lwo — w]l®

2 . 2 . 2
+ (5 el = (2 + %) lleell®) + % 1ol

|| Kuy — Kul|? — 952 || Kup_y fKqu) (4.4.5)
1 2 2

=& (s =l P = (6 = ) [|K e = K] )
Tt —Pt 2 2 2

— 52wy — Kug||” = 5(& — ar [|K|[7) [Juo — uel|

— % ||Kup — Kul*].

Specifically, if the parameters in Algorithm 4.1 are set to
Tt = et =0,pt = p7€t = 0 = %7§t = % H[(H2 e = ﬁ (%) +U||K||27 and 6t = é (446)

for some positive constants o and p, then have for all (u,w) € H that

o 2
A (u,w) < ey | (511K luo —

2 T(T+1 o 2 2
— (ZEG 4 2y KPP (T + 1)) flur — )

2 2 o 2 a 2
+ (& voll” = B forll®) + (5 lhwo — wl® = §(T + 1) llwy - w|l*) e

+ (%2 Kur — Kul* = T2 || Kuo — Kull*) + 52 1K1 [[uo = ull® + £ | vol
+ L2 |Jwo - wl*]
Proof. Fix any (u,w) € ‘H and note that from the definitions of 4; and @, in (4.4.4) we have

(iir, dr) — D(u, w) < SO H[®(u, we) — ®(u,w)]

by the convexity of ®. In accordance with the above, we will need to estimate a bound on ®(ug, w;)—
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®(u,w). From the optimality condition of (4.4.1), we have

0 2<KT(vt,1 + 0y (Kup—1 —wi—1) — ap(Kup—1 — Kz)) + mp(ug — wp1) + & (up — x), up — u)

+ (g, ur — u) + Bluy — x,up — u)
for any u € X. Rearranging, this becomes

<97ut - u) + ﬁ<ut — T, Ut — u) <- <KT('U7571 + 9t(KUt71 - wt71) - at(KUtfl - KCU)),Ut - U)

— ey — w1, up — u) — §up — x,up — u).
Expanding the inner products and rearranging again, we obtain

2 2
(g, — )+ (Il = 2l = fJu = al )

< — (KT (v + 0s(Kug—1 — wi—1) — ap(Ku—1 — Kx)),up — u)
(4.4.8)
2 (= el = e = e P e = )
. 2 2 2 2
5 (lh =l = e =l = e = w*) = § e — .
Similarly, by the optimality condition of (4.4.2), we can show that
h(we) — h(w) < (vi—1, we —w) + F (||w — Kug||” = |Jwy — Kuy|]* = ||w — wt|\2>
(4.4.9)
t 2 2 2
+ % (1w = 21 = lhwe = 21 = o - il
for all w € Z. It follows that
B, wr) — Do) = (g, ¢ — ) + hawr) = k) + £ (Jfu =l = |lue — o)
<a{Kui—1 — Ko, Ku; — Ku) — 0,(Kup—1 — wy—1, Kuy — Ku)
+ 2 (= ] P = e = el = flue = )
+ 5 (Il =2l = lhue = 2l = llu - ul?) (4.4.10)

+ % (llw = Kuall” = [lwy — Keul® = Jlw — w?)
G (lhw =211 =l = 20 = [ — ] )

+ (vp—1,we —w) — (vp_1, Kup — Ku) — g [|u —uH2
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by combining the relations (4.4.8) and (4.4.9). We can further rewrite the first two lines of (4.4.10).

By the fact that (u,w) € H and (4.4.3), we can write

(i1, wp — w) = (1, Kug — Ku) = 4 [|wy — Kug||* + 55 || = 55 [vees — po(wr — Kug)|[?

2
I

2 2
= & [Jwy — Kug||” + o [Joe-al]” = 55 [[or + pede(vr — y)

IN

2 2 d. 2 d
G lhwr = Kl + g ol = (b + %) ool + .

Furthermore, we can expand inner products to generate the following bound
op(Kup—1 — Ko, Kup — Ku)—0 (Kug 1 — we—1, Kupy — Ku)

<oz (||Kupy — Kul* = || Kup-y = Kug||)

+ % 1K [J2 = will® + & [wi—1 = wl|* = § || Kz — Kul®.

We may then apply the above two relations to (4.4.10) and the use the definition of ®(u, w) in (4.1.2)

to obtain

®(ug,wr) — B, w) =(g,up — ) + h(we) — hw) + 5 (|l —al|* = [l — 22

<oz (||Kupy — Kul* = || Kup-y — Ku|[)

+ % K1 o — wel* + & |lwi—1 - St || Kug — Kul]?
3 (= el = e = o] = [ — )

% (11 = woll® = fhue = wol = [Jue = ul|*)

+ % (Ihw = Kul* = [feoe = Kul* = w = wil*)

% (1w = woll? = fhwr = woll? = [[w — wi| )

8 Nl = Kl + 55 ol = (55 + %) ol + % oo

2
= 5 e =l

which immediately implies the conclusion in (4.4.5) by combining the similar terms. To show (4.4.7)
and finish the proof, let the parameters of Algorithm 4.6 be chosen according to (4.4.6) and evaluate
the telescoping sums. In particular, note that since & > oy ||K]| \2, 0; > oz, v > pg, and 1 >

(6; — o) ||K||? for all t > 1, the relation (4.4.7) follows immediately. O
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Let us now compare Proposition 4.3 to Proposition 4.1 and its corollary, Corollary 4.1,
as there are only a few key differences. First, we note that the outputs @y and wr are both
convex combinations of previously computed iterates, but differ slightly in their weights. Second,
by enforcing & = 0; = ; = a4 = 0, we see that the sum of (4.4.5) is a slightly rearranged and scaled
equivalent of (4.1.9). Lastly, we observe that the parameters in (4.4.6) are not constant with respect
to t. In particular, note how (4.1.9) and (4.4.5) depend on p; and 6;. In order for the sums in (4.1.9)
to telescope nicely, we are required to choose p; and 6, that are constant with respect to the sum.
This restriction is not prevalent in (4.4.5) because the additional regularization parameters ny, oz, (;,
and a; can be chosen to better facilitate telescoping.

Similar to the vanilla version of GS-ADMM in Algorithm 4.2, now that we have a method of
solving (4.1.2), we now present Algorithm 4.7: a dual regularized version of GS-ADMM which has the
same theoretical properties of Algorithm 4.2, while also having the additional benefit of not requiring
N a priori. To avoid an overly complicated naming system, we refer to both Algorithms 4.2 and 4.7

as GS-ADMM and will specifically list equation numbers when referencing dual regularization.

Algorithm 4.7 Dual Regularized GS-ADMM
Start: Choose zg € X and set T := xg. Set yo := 0 and zp := Kxg.
for k=1,...,N do

Compute
2y, =(1 = )Tr—1 + MTr—1
(Zky 2y T Yks 2y ) =ApproxDRGS(V f(zy,), Th—1, Yk—1 2Zk—1, Bks Tk) (4.4.11)
Te =(1 = Y)Th—1 + VT (4.4.12)
Zr =(1 — )Zk—1 + Wk (4.4.13)
end for
Output Ty

procedure (71,27, 2T yT 2*) = APPROXDRGS(g,z,v, 2, 3,T)

Apply Algorithm 4.6 to solve problem (4.1.2) with initial values ug = x, vo = y, and wg = 2.
Obtain the iterates ur, vy, and wy of the algorithm and weighted sums wr and @ (defined in
(4.4.4)) after T iterations.

Output zt := @p, 3T := a7, 2T == up, y* ;== vy, and 27 := wyp.
end procedure

We can see now that Proposition 4.3 and the call to ApproxDRGS in (4.4.11) implies that

76



for properly chosen parameters we have

(V1 (i), @)+ h(3e) + G 1, — anall?] = [(VFae), u) + h(w) + Fllu = o] < A, (u,w)

(4.4.14)

for all (u,w) € H which is a similar result to (4.1.17) in the vanilla GS-ADMM case. This allows us
to prove convergence results on Algorithm 4.7. In particular, Proposition 4.3 and its surrounding
discussion shows that we can utilize the regularization parameters to choose more flexible parameters
in Algorithm 4.6. The following theorem shows that we can also make a better choice of T}, and as

a result, nearly be free of our dependency on N.
Theorem 4.4. Suppose that the parameters in the k-th call to the ApproxDRGS procedure in
Algorithm 4.6 are chosen according to (4.4.6) as

TtZGtEUaptEpagf.:at: %7€t:%|‘K||2ant:ﬁ(%)+a||K||27 and 6t:é

with

o= X%,p = X% (4.4.15)

depending on some constant y > 0, and that v, B, and T} in Algorithm 4.7 are set as

for some p > 0. Here, [a] denotes the standard ceiling function which returns the smallest integer

larger than a. Then by the definition of Dy in (1.0.1)

— 3x||K]|? 2
F(Zn,Zn) — Flu,w) < (N(12VL+1) -2 +Ill)u> D% — v | (4.4.17)

for any (u,w) € H and N > 1.

Proof. By the strong convexity and convexity of f and h respectively along with the definition of F’
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n (ACO), we have

F(Zk, Zk)— (1 — ) F(T—1, Z—1) — W' (u, w)
<Yk <<vf($k)73}k — )+ h(Z) — h(w) + 5= |25 — xk—1\|2)
S'Yk ((Vf(xk),i"k — U> + h(gk) — h(w) + %c Hi'k - xk—lHQ)

B ey — il = 25 g —

= [(V £ (@), 30) + h(Ee) + & N1k — 2|

— (49 @) w) + hw) + & llany —ull”) ] + 29 |l s — )

where we used the fact that 8x > L~ for any £ > 1. Noting both the inputs and outputs of the
procedure call of ApproxDRGS in (4.4.11) and recalling the discussion surrounding (4.4.14), we may

apply Proposition 4.3 to the above and continue with

F(@r,Zp)— (1 — ) F(Tp—1,Zk—1) — Ve F(u, w)
<z | YK (ks =l = (T + 1) ok — )
— BB, — |+ T B (K [y —
+ B e |1” = B el

2x 2x

+ (Tk+1)x [u/ﬂ sz, |2 _ (Te+1)x “‘k’]

2
2 121 = wl|

— w|

+ TkX fﬂkT | K2p — Kul|* — TkX DLM |Kzp_1 — Kul| }
, 2

+ 252 oy —

2 2
5 (llep- = ull® = lJa — ull?)

k
o+ L (e P g =l = 3 1K — )

<

2 2 2 2
+ 5 (el = llonll®) + 32 (1121 = wll® = llzs = wl?)

20 (1w — Kull® = [ Kk — Kul?)].

78



Rearranging and applying the parameters according to (4.4.16), this becomes

F(Ty,Zp)—(1 — ) F (Tp—1, Zk—1) — W F (u, w)
, Al 2 2
< (22 2 ) (Jonos = ull® — e — )
k
+ L L2k (el = ol ?)

2 2
+ 22 (Jlzho1 = wl® = ||z — wll?)

+ A5 (IIKIk — Kul]® = ||Kzp_y — Ku\lz)] (4.4.18)

2Lp+2x|K||? 2 2
<R (Il =l ? s — wl?)

+W(||yk 1\| —Hka)
+ s (-1 = wll® = llox — wl?)

+ s (1Ko = Kull’ — || Kep - Kull).

Let us now multiply (4.4.18) by k(k + 1) and sum from k = 1,..., N. Noting the telescoping sum,

the initializations of yo = 0 and zy = Kz, and the fact that (u,w) € H, this becomes

N(N+ Dp(Fzn,zn) — F(u,w))
< (2Lu+2x 1K) (w0 = ull® = llaw = ull®) +2x 1Kz - Kulf
+ 2 (1) (IKew — Kull = 1Kz — Kul?) = 2 lyx]
< (2L + 2 1K1 (Ileo = ull® = [lon = ull*) +2x|[Kwo — Kul
+ 200 (1= ) (IKew = Kl = || Kagr = Kul*) = 2 |y
< (22 + 2 1K1 (1o = ull® = llon — ull*) + 2|1 Kwo — Kul
+ 2x (|1 Ky — Kull® = || Kzo = Kul|) = 2 [y

N 2 2
+ 200 iy (11K = Kull® = (| Ky — Kull)

where in the last inequality, we split the sum into two. Using Cauchy-Schwarz, combining like terms,
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and resolving the final summation, we conclude that

N(N + Dp (F7n.Zx) — Flu,w))
2 2 2 9 2 2
< (220 + 2x11K1P) (w0 — ull® = low = ull”) = 2 [lyn]|* + 2x|[Kzo — Kul

+2x (11K — Kull® = Kz — Kull) + 2 || Ko — Kul”

2 2 2 2
< (20n+ 2 1KI) (llwo — wll® = llon = ull®) = 2 iy
2 2 2 2
+ 2 1K [l = ull? + X |K 1z = ul|
2
[

<(2Lp+3x |K*) [lwo — ull* = 2Lp[loy — ul* = 2 ||y~

2 2 2
<2Lp + 3x |IK7) [lwo — ull” = 2 [lyw||

which reduces to (4.4.17) after dividing by N(N + 1) and upper bounding it using the definition
of Dx in (1.0.1).
O

Comparing Theorem 4.4 with Theorem 4.1 and Corollary 4.2, we see that the dual regular-
ized version does not require the usage of N outside of the constants y and g which we have not
yet specified. That is, if y and p are chosen to be free of N, then so will the entirety of Algorithm
4.7. We answer this question of whether or not these parameters can be chosen in this way as well

as conclude our final GS-ADMM result through Corollary 4.7 below.

Corollary 4.7. Suppose that Y := dom h* is compact, and that the parameters in Algorithm 4.2

are set as in Theorem 4.4. Then we have

— — * L 3x||K||? 2 2D3
f(xk) + h(ka) —F < (N(]Qv+1) + Nz(JI\I/Jr‘l‘)#) DX + Wil)u’ (4.4.19)

where Dx and Dy are upper estimates of the distance from xy to the set of optimal solutions to
problem (ACO) and the largest norm sup, ¢y [|y|| among elements in Y, respectively. Specifically in

the parameter settings in Theorem 4.4, if we set

— D _ lIK|ID
X = R(iDy > and p= Tpp (4.4.20)

then the number of gradient evaluations of V f and operator evaluations (involving K and K ') are
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2 2
bounded by Ny := 1/ 7L£X and Ng := 7”K”?XDY + 1/ 7L£X respectively.

Proof. Observe that for any v € Y such that v is a subgradient of h at K7y, we have
h(KTk) < h(fk) + <U, Kz — Ek)

and consequently

[(@k) + M KzZy) — F* <f(ZT) + h(Zp) + (v, KT}, — Z) — F*
(4.4.21)

=F(Ty,Zx) — F* + (v, KTy, — Zg).

Thus, in view of Theorem 4.4, to obtain a result of the form in (4.4.19), it suffices to bound (v, KT) —
Zr). Note first that by the definition of (4.4.3), the setting of p; and d; in (4.4.6), and the definitions

of @; and w; in (4.4.4) that

Kip —dr = T(T2+1) ZtT:1 t(Kuy — we)
= pT(’12"+1) 23:1 [((t +1)vy — tvg_1) — vo

= ﬁ [(T"_ 1)'UT — Vo — TUO] .

Now consider the k-th call to ApproxDRGS in (4.4.11). By the outputs of ApproxDRGS, the above

equality, and the setting of T}, = k in (4.4.16), it follows that

K&y — 2 = srmremrrn LTHE]+ Dy — i1 — [k ]yr—1]

= ﬁ Uk — Yr—-1)

where recall that vy is initialized to yx_1. Using this equality, we can show that

KT, —zp = K((1 — v)Th—1 + Zr) — (1 — v)Zk—1 + V62k)

o (KTpoy — Zi) + 157 (K, — Z)

o (KTpoy — Zpo1) + SRt Wk — Yk—1)

= 571 (ETp—1 — Zk-1) + oy Uk — Ye-1)

where we used the definitions of Z, and Zj in (4.4.12) and (4.4.13) respectively, the setting of v; =
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2/(k+1) in (4.4.16) to obtain the first equality, and the definition of p in (4.4.15). Multiplying the
above, summing over kK = 1,..., N, and rearranging, we have that Kxy —2zZny = m (ynv — %) ,

which directly implies that

(v, KTn —ZN) = tyvrmn (v YN — o)

2 2 2 2
— vz (v IF = llow = ol = llwol* + llgo — ol®)  (44.22)

2 2
v (Il + 11l ?)

since we initialize yo = 0. We may then combine (4.4.22), (4.4.21), and Theorem 4.4 to show that
— _ * — = . — = L K|? 2D3
f@N) + W(KTy) — F* < F(Tn,2n) — F* + (v, KT), — 73,) < (%) D% + snevite
which proves (4.4.19). Applying our choice of x and p from (4.4.20), we conclude that

F@N) + h(KZy) — F* < TLDx.

Consequently, in order obtain an € solution, we need N > Ny, := 4/ 7LED§( iterations of Algorithm
4.7. Since each iteration performs exactly one gradient evaluation, we therefore need at least Ny,
gradient evaluations for an e solution.

To count the number of operator evaluations, we note that each iteration of Algorithm 4.7
performs one call to Algorithm 4.6 with T} inner iterations. Since each inner iteration of Algorithm
4.6 requires one operator evaluation, we conclude that the total number of operator evaluations

required for an e solution using Algorithm 4.7 is bounded above by

N N 2
Nic i= X0 T < pXS0{ kit Ney < 2, + Ny — TEIDSDy . [TED%

O

We conclude this section by noting that Corollary 4.7 provides the same theoretical conver-
gence rate as its vanilla GS-ADMM counterpart in Corollary 4.3, and is also able to eliminate the
knowledge of N in the parameter setting using additional regularization terms and novel parameter

choices.
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4.5 Numerical Experiments

Our goal now is to present preliminary results from our numerical experiments. We will
be comparing the performance of our sliding algorithms with two algorithms, Nesterov Smoothing
(NEST-S) and A-ADMM. A-ADMM we discussed previously and NEST-S is a NAGD variant that is
able to solve (ACO) with the same iteration complexities as A~ADMM (see [29] for more details). Let
us briefly consider an example that highlights the limitations of the single oracle approach. Consider
the following instance of convex problem (2.3.1) with f(x) := (Qz,z)/2 — (¢, x) and h(z) := ||z —b||:

F* .= n&% 1(Qz,z) — (g, ) + | Kz — b]|. (4.5.1)

Here n := 2k,

Q:=%2UT8SU, q:=LU ey, K:=BMLVTBU, b:= By Te, R:= 22EEL

1 -1 r §

S = , B:= -1 1 , (4.5.2)

e is a 2k-dimensional vector of 1’s, and U and V are orthogonal matrices such that VKU is the

singular value decomposition of B. Observe that || B|| < 2 since for any = € R?* we have

|Bz||? = (x@k) _ m(%—l))Q T (x@) _ x(l))Q n (xu))z

< ((xwwf n (xwf—nf) Fg2 ((mw)? n (xm)z) £ (20)” < 4ol

Also, note that B is a nonsingular symmetric matrix with positive and negative eigenvalues, so the
columns of V' and U are both eigenvectors of B, and may only differ by their signs. K is a diagonal

matrix by the singular value decomposition construction, with
|K| = 22| B|| < RM = 2v2k + 3L.
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Figure 4.1: A comparison of GS-ADMM and existing algorithms.

The problem (4.5.1) is a modified version of the worst-case instance described in Theorem 4.1 of [18].
The difference is that in the problem instance there S is set to BB and U and V are identity matrix.
In our setting of S and B in (4.5.2), S and BB differ only by the top-left entry (the value is 1 for S
and 2 for BB). It is also worth pointing out that the matrix S is also closely related to a block in
the matrix Ay in Chapter 2.1.2 of [2] for worst-case smooth convex optimization instance. However,
unlike the matrix in [2] the top-left and bottom-right entries of S are 1 instead of 2. Accordingly,
since the problem instance (4.5.1) is so similar to the work in [18] which provided an example of
a worst-case problem instance, we might expect A-ADMM and NEST-S to have near worst-case
behavior.

Furthermore, since @) is dense and K is sparse, the gradient evaluations of f will dominate
the running time of these implementations. Thus, if the required gradient evaluations for solving
(4.5.1) are high, a gradient sliding modification would be an effective improvement. Indeed, as
evidenced in Figure 4.1, we see that the GS-ADMM algorithm outperforms A-ADMM and NEST-
S for the problem instance in (4.5.1). The same experiment can be designed to showcase a need
for operator sliding as well. Similarly, through a change of variable, one can modify the problem
formulation described in (4.5.1) to obtain a worst-case instance of the same form, but with a sparse

@ and a dense K. Applying OS-ADMM to the problem will then require fewer operator evaluations,
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Figure 4.2: A comparison of OS-ADMM and existing algorithms.

and thus requires less computational time. Figure 4.2 demonstrates this behavior.

However, although such datasets exist in theory, we may be unlikely to encounter such a
problem in practice. With this in mind, our primary focus will be on another problem. For our
main experiment, we consider a more realistic comparison of S-SADMM, A-ADMM, and NEST-S on

the following image reconstruction problem:

min 3 [[4z — fI? + X[ D]l (45.3)

where x is a two dimensional image matrix reshaped into an n vector that is to be reconstructed,
A HDQE||271 is the discrete total variation seminorm regularization term with smoothing parameter
A, A is the acquisition matrix, f is the observed data, and X is a ball centered at the origin (see
[30]). For this particular experiment, we let f be some fixed image with some standard normally
distributed random noise added component wisely. Our acquisition matrix A is an m by n = 2m
matrix with normally distributed entries. The image reconstruction problem in (4.5.3) is particularlly
well suited for the advantages of SSADMM. First, this problem fits nicely into our proposed model in
(2.3.1) since the projection onto X is trivial and the proximal problem of the discrete total variation

seminorm is equivalent to projecting a vector onto the total variation ball. Second, the task of image
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reconstruction benefits greatly from our dual-regularized variants that do not require N. Since it
is often hard to associate a tolerance £ with the desired characteristics of a solution, it is often
necessary to solve (4.5.3) to varying degrees of tolerance - a task which is not possible without the
dual regularization variants or restarts.

Before we discuss the results, let us first note the impact of parameters n and A and how they
affect the model and theory. The parameter A is the smoothness parameter in the total variation
model. It balances the sharpness of the optimal solution with how closely each individual pixel
of solution matches the original image. This parameter is a hyperparameter in the sense that the
optimal value of A for modeling purposes depends on the image. Theoretically, our X is going to
control ratio ||K|| /L. That is, for the model in (4.5.3), L = ||A||*, and ||K|| = A||D||. Whenever
||K|| is small enough, the difference between gradient complexities of O(/L/e) from S-ADMM and
O(y/L/e + ||K|| Je) from NEST-S and A-ADMM will be negligible. If ||K]| is sufficiently large,
however, SSADMM will require significantly fewer of the expensive gradient evaluations. Thus, we
should expect A-ADMM and NEST-S to perform better comparatively to S-ADMM whenever A is
small. On the other hand, the parameter n represents resolution of our initial image, i.e. the number
of total entries in its gray-scale matrix representation. As n grows large, the amount of time needed
to perform a single gradient evaluation grows quadratically in n. Thus, for large n, we expect to see
even a small difference in gradient evaluation complexities result in a large difference of outputs.

With these trends in mind, we applied SSADMM, A-ADMM, and NEST-S to two different
images with varying resolutions and smoothness parameters. The experiments were conducted in
the following way: S-ADMM was allowed to run for a fixed number of (outer) iterations and then
both A-ADMM and NEST-S were run for the same amount of computational time spent on the
S-ADMM iterations. The results are displayed in Tables 4.1 and 4.2. The columns can be described
as follows: columns 1 and 2 are the aforementioned variable parameters, columns 3-7 depict the
number of gradient evaluations, operator evaluations, final objective value, and relative error of the
solution of S-F-ADMM, columns 8-10 showcase the total number of iterations, i.e. both the number
of gradient and operator evaluations, the final objective value, and the relative error of the solution
of A-ADMM, and columns 11-13 represent the same for NEST-S. Both tables have similar trends in
results so we will discuss them simultaneously.

First, we notice that in all experiments, S-SADMM performs significantly less gradient evalu-

ations and has more time to spend on operator evaluations. We will, however, focus our comparison
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between S-ADMM and A-ADMM since NEST-S appears to perform unnaturally poorly for this
problem. Second, as predicted, the objective values of SSADMM are better than that of A-ADMM
and NEST-S when log A € {0, —1}, but get worse when A grows smaller. However, as n grows larger
in each experiment, this difference becomes more in favor of S-JADMM. This agrees with our previous
discussion that suggests the differences in gradient evaluation complexity is displayed more clearly
whenever n is large. Third, we note that the best relative error in Table 4.1 occurres when A = 1071,
That is, SSADMM outperforms the other methods for optimally chosen A. A similar argument can
be made for the Lenna image whose numerical experiments are presented in Table 4.2. We conclude
then that SSADMM is a preferred method for image reconstructions problems, particularly when n

is large.
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Chapter 5

Conclusions and Discussion

The landscape of first-order convex optimization has quickly evolved as applications become
increasingly large scale. From the optimization perspective, there are two natural avenues of im-
provement. For certain applications, there exists the possibility of a new, accelerated algorithm that
is able to compute an approximate solution with less expensive operations than existing literature.
On the other hand, we can expand the domain of some popular methods to achieve improved area
of applicability. In this thesis, we discussed improvements in both directions.

We began in Chapter 3 by studying the popular CGS algorithm. Preferred due to its
simplicity of implementation, the CGS algorithm is able to compute approximate solutions to smooth
convex problems without the need for a projection oracle. Instead, it performs linear optimizations
in its iterations. As discussed there, the CGS algorithm is an optimal algorithm for this problem class
with respect to the number of linear optimizations and gradient evaluations computed. However,
continual advancements can be made by relaxing some of the assumptions required by CGS. In
Chapter 3, we proposed a new universal method, namely UCGS, that is able to achieve generalized
CGS behavior on a wider class of functions. UCGS extends the applications of CGS to not only
Lipschitz smooth, but also Holder smooth problems while also removing the necessary knowledge
of smoothness parameters. UCGS also maintains the optimal number of gradient evaluations for its
expanded class of problems and improves upon the current number of linear optimizations required.

We then turned our attention to solving a more structured class, affinely constrained opti-
mization problems. Current literature would suggest that there exists optimal algorithms NEST-S

and A-ADMM for computing approximate solutions with respect to certain oracles. However, by
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relaxing our class of algorithms, in Chapter 4 we proposed two new sliding algorithms that were
preferable to the aforementioned methods both in practice and in theory. In theory, each algorithm
reduces the number of calls to a particular operator required for an approximate solution. Such
improvement was made possible by analyzing these methods under a new oracle approach. In prac-
tice, we showed in the numerical experiments that there exists problem sets such that the reduction
in gradient/operator evaluations was enough for these sliding methods to be computationally faster
than existing methods. Furthermore, we provided a more practical implementation of the gradient
sliding algorithm using dual regularization. This variant relieves us of the IV restriction in the pa-
rameter setting and was shown in the numerical experiments to increase functionality. Finally, we
combined the two methods into a single sliding algorithm, SSADMM, which was able to simultane-
ously achieve optimal gradient and operator evaluation complexity. Such an algorithm would not
be possible under the current approach, but by using a two oracle analysis, we were able improve
upon the existing methods.

There are still many open questions. In the UCGS algorithm, we were able to achieve the
optimal gradient evaluation complexity for the class of Holder smooth objectives while also improving
the linear optimization complexity. In the smooth case, we know that this linear optimization
complexity is optimal. However, for the Holder smooth setting, the lower complexity bound is
currently unknown. It is even shown in [31] that there exists methods that require even fewer linear
optimizations in the nonsmooth case.

For the SSADMM setting, although we have removed the N using dual regularization, the
parameter settings still require the diameter of our feasible space for implementation. This is fre-
quently the case for sliding algorithms including our own UCGS. How to remove such parameters
is an open question for sliding algorithms. Furthermore, we have shown that dual regularization is
sufficient to remove N from our GS-ADMM algorithm, but to design a similarly practical variant
of SSADMM, we must also propose a dual regularized OS-ADMM algorithm. We believe a similar

method can be derived by the same technique, but such task has not been studied to our knowledge.
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